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ABSTRACT

Let G be a (p, @) graph. A (p, q) graph is a graph with p vertices and q edges. Let us definean injection mapping
f:V(G) - {12,..,p+q},for each edge e = uv in E labeled by,

f+ fw)
—2 if f(u)+ f(w)iseven
fE@= W +fw+1
{ 2 if f(w)+ f(w)isodd

Then f is said to be super mean labeling if the set

f@) U{f(e):eeE} = {1,2,..,p + q}.
The graph which admits super mean labeling is called super mean graph.

In this paper we have found out the Super Mean Labeling of Line and middle Graph of Pathand Cycle.

Keywords: Super Mean Labeling, Line graph of path with n vertices - Z(Z,), Line Graph of cycle with nvertices -
L(C7), Middle Graph of path with n vertices - 2(2,),Middle Graph of cycle with n vertices - M ().

INTRODUCTION

A graph G is a combination of vertices and edges which are connected to each other.Let G (V,E)be a graph with vertex
set V and the edge set E, respectively. By a graphG = (V,E) we mean a finite undirected graph with neither loops nor
multiple edges. In this paper V(G) is the vertex setand E(G) is the edge set of a graph G.

The number of vertices of G is called order of G and it is denoted by p. The number of edges ofG is called size of G and

it is denoted by q. A(p, g)graph G is a graph with p vertices and q edges.Terms and notations no defined here are used
in the sense of Harary[1].

A graph labeling is the assignment of labels traditionally represented by integers,to verticesand/or edges of a graph. We
have different methods of labeling.

Graph labeling was first introduced in the late 1960°s. Many studies in graph labeling was madewhich refers to Rosa’s
research and that was held in 1967[6].

In 2003, Somasundaram and Ponraj [2] have introduced the notation of Mean Labelingof graphs. The concept of Super
Mean Labeling was introduced by Ponraj and Ramya [3].Furthermoresome results on super mean graphs are discussed
in[7-11].

B. Gayathri and M. Tamilselvi[12,13] extended super mean labeling to k-super mean labeling.

In 2018, Nurlnayah, |.WayanSudarsanaSelvyMusdalifah, and Nurhasanah Daeng Mangesa haveintroduced the notion of
Super Mean Labeling for Total Graph of Path and Cycle[4].

Page | 23



International Journal of Enhanced Research in Science, Technology & Engineering
ISSN: 2319-7463, Vol. 7 Issue 9, September-2018, Impact Factor: 4.059

Preliminaries:
Definition 1:

Let G be a (p, q) graph. A graph G is called a mean graph if there is an injective function f
from the vertices of G to {0,1,2, ..., q}. Such that when each edge e = uv is labeled with

f) +f)
f(e) = {—2 if fw)+ f(v)iseven
fw+fw) + 5
1 Then the resulting edge labels are distinct.
Definition 2:

if f(u) + f(v)is odd

Let f:V — {1,2,....p + q} be an injection on G. For each edge e = uv and an integer m >2, the induced
Smarandachely edge m-labeling f~is defined by
ffle=uv) =

f+f(v)

m

Then fis called a Smarandachely super m-mean labeling if
f@) U{f(e):eeE} = {1,2,..,p + q}.
A graph that admits super mean m-labeling is called Smarandachely m-mean graph.Particularly, ifm = 2, we
know that,
f+ fw)
f(e=uv) = if fw) + f(v)iseven
{ -
2 if fw) + f(v)isodd
fW+fw) +1
2

Such a labeling f is called super mean labeling of G if

fNU{f(e)eeE}={12,..,p+q}
A graph that admits super mean labeling is called super mean graph.

Definition 3:
The Line Graph L(G) of G is the graph with vertices are the edges of G with two vertices ofL(G) adjacent
whenever the corresponding edges of G are adjacent[5].

Definition 4:
The Middle Graph M(G) is defined as follows[5]. The vertex set M(G) is V(G)UE(G). Twovertices X,Y in the
vertex set M(G)are adjacent in M(G) in case one of the following holds:

I. X, YareinE(G) and X,Y are adjacent in G .

il.  XisinV(G), YisinE(G), and X,Y are incident in G.

On Super Mean Labeling for Line Graph of Path:
The theorem proposed in this section deals with the super mean labeling for line graph of pathon n vertices,
L(Pr).
Theorem 1:
The line graph of path on n vertices, L(Py) is a super mean graph for all n > 3.
Proof:
Let V(L(P) = {uz1<i<n-—1}and E(L(Pn) ={e, 1 <i <n— 2} with ei = uitti+1
for 1 <i < n — 2. Immediately, we have that the cardinality of the vertex set and the edge set of
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L(Pn)areP =n — 1 and g = n — 2respectively, and so p + g = 2n — 3. Define an injection
f:V(L(Py) - {12,...2n — 2}for n = 3 as follows:
fw)=2i—1 for i=12,.n—1

And so we
have, f*(e) = 2i fori=1.2,..,n-2

Next, we consider the following sets:

A ={f(w) =2i—1fori=12,..n—1}A; =

{f*(e) = 2i fori=12,..,n—2}
It can be verified that f (V(L(P»))) U f* (E(L(P.)) = U2 Ai={12,..,n—1}andso f is
a super mean labeling of L(P,). Hence L(Px) is a super mean graphi=1

On Super Mean Labeling for Line Graph of Cycle:
The theorem proposed in this section deals with the super mean labeling for line graph of cycleof n vertices,
L(Cy).

Theorem 2:

The line graph of cycle on n vertices,L(Cy), is a super mean graph if either n isodd and n > 3
ornisevenand n > 6.

Proof:

Let V(L(C) = {uz 1 < i < n}and E(L(C,)) = {e;, 1 < i < n}with

ei_{ Uillis1 for1<is<n-1
U1 fori=n
Immediately, we have that the cardinality of the vertex set and the edge set of L(C,) arep =
n and q = n respectively, and so p + q = 2n.

Define an injection f: V(L(C,)) - {1,2, ...,2n} for odd andn = 3 as follows.
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n+1
fu)=4{ 2i—-1 fori=1.2,..
n+1
2
21 fori= ) +1,..,n
And also we have,
n—1
2i fori=1.2,.., 5
fre) = -
20 +1 fori= ) ,en—1
In+1 fori=n
Next, we consider the following sets,
Ar={f(uw) =2i—1 fori=12,.., n+1
}
n+1 2
Az = {f(w) = 2i fori= +1,..,n}
n—1
A ={f'(e)=2i for i=12,.., }
3 i 9
n+1
A ={f(e)=2i+1 for i= , e — 1}
4 i 5
As = {f*(e) =n+1 for i =n}
It can be verified that f(V(L(C»))) U f*(E(L(Cy))) = US A; ={1,2,..2n} and so f is a super

mean labeling ofL(C»). Hence L(C») is a super mean labeling for line graph of cycle when n isodd and n > 3.

Now define an injection f1: V(L(C»)) — {1,2, ...2n} for n isevenand n = 6 as follows
2i—1 fori=12

]
3i—3 fori=341
flw) = 51y fori=5,.., +1

n
20+ 2 ;+2,...,n—1

fol
1 7 fori=n
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And also we have,

2 fori=1
1
3i—1 fori=23
n

I2i+2  fori=4,. -—
1f*(€i) = 2

@243 fori= T

E+ 1,..,n—2

In+4 fori=n-1
| 4 fori=n

Next we consider the following sets,
Av={f1(uw) =2i—1 fori=12}
Ay ={f1(w) =3i—3 fori=34}
n

Az = {f1(w) =2i+1 fori= 5,...,2 +43

A={f@)=2i+2 fori="+2.,n—1}

4 1 i 2

A5={f1(ul-)=7 fori=n}
As = {f*(e) =2 fori=1}
A7 ={file) =3i—1 fori= 23}
n

A =]{f*(e)=2i+2 fori=4,.. }

8 1 i 2

A ={f(e)=2i+3 fori=n+1,...,n—2}

9 1 i 2

Ao ={f*(e) =n+4 fori=n—1}
A = {f*(e) =4 fori=n}
1

It can be verified that f1(V(L(C»))) U f*(E(L(Cr))) = U1 A ={1,2,..2n} andso f1isa
1 i=1

super mean labeling of L(C,). Hence L(C,) is a super mean labeling for line graph of cycle
whenn is evenand n > 6.

On Super Mean Labeling for Middle Graph of Path:
The theorem proposed in this section deals with the super mean labeling for middle graph ofpath on n vertices,

M(Pyp).
Theorem 3:
The middle graph of path on n vertices, M(P»), is a super mean graph for all n > 3.
Proof:
LetVIM(P) ={vsl1<i<nlU{uz1<i<n-—1}and E(M(P,)) ={e,e"1<i <

i i

n—1}U{ezl1 <i<n-2}withe=uus for 1<i<n-2,¢ =vu; ande" =
uviy1 for 1<i<n-—1 i i
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Immediately, we have that the cardinality of the vertex set and the edge set of M(P,) are p =2n — 1 and q
= 3n — 4 respectively, and so p + g = 5n — 5.
Define an injection f: V(M (P,)) - {1,2,...5n — 5}for n > 3 as follows:

1 ori=1
fw) =1 4
{ 5i—5 fori=2,..n
Also, fu)=5i -2 forl<i<n-1

And so we have,
fe)'=5i+1 for i=12..,n—2
f*(e) L 5i—3 for i=12,.,n—1
f*(e)=5—-1 for i=12,.,n—-1

Next, we consider the following sets:
Av={f(w) =1 for i=1}
A, ={f(vi)) =5i—=5 for i=2,..,n}
As={f(u)=5i—2 for i=12, ..n—1}As=
{fre)=5+1 for i=12, ..,n—2}As =
{f*(e€)=5i—=3 for i=12,..,n—1}
A = {f*(ie") =5i—1 for i=12,..,n—1}

It can be verified that f (V(M(Pn))) U f* (E(M(Py))) = U® _ A ={1,2,..,5n —5}and so f
is a super mean labeling of M(P,.). Hence M(P,,) is a super mean grapfl

On Super Mean Labeling for Middle Graph of Cycle:
The theorem proposed in this section deals with the super mean labeling for middle graph ofcycle of n vertices,

M(Cy).

Theorem 4:
The middle graph of cycle on n vertices, M(C,), is a super mean graph if either n is odd and
n=>3ornisevenand n = 4.
Proof:
Let V(M(Crn)) = {viuz1 <i <n}and E(M(Cyn)) = {e;, e',e":1 < i < n} with
[ A
UiUi+1 for1<i<n-—1

€i={

Uy fori=n

e=uv; fori=12,..n
" ( viui1  for 1<is<n-—1
e =

l

i

vius fori=n

Immediately, we have that the cardinality of the vertex set and the edge set of M(C») are
p = 2n and q = 3nrespectively, and sop + q = 5n.

Define an injection f: V(M (C,)) - {1,2, ...,5n} for odd andn = 3 as follows.
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-1
5i—2 fori=12,.7—
2
i) = . . +1
f@) 5i+1 fori= e
2
+3
5i forizn )
! 2
1 fori=1
n+1
fw) = 5i—4 fori=23,.., -
n+3
5i—2 fori= L,
f 2
4 fori=1
! n—1
And also we have, 51 fori=23,..
I n+1
2
f (e = 5i fori= ,
n+3
5i+1 fori 5 , e, —1
I5n—1
I fori=n
—_—
2 fori=1
*(e) = n—1
e) =
f(l) 5i—3 fori=23,.., >
n+1
oi—1 fori= 5 en
n—1
1 5 i =12,..,
i fori >
I n+1
fi) = 5i—=2 fori= e —1
2
I5n+ fori=n
1
I
2
Next, we consider the following sets,
A ={f(wv)=5i—-2 fori=12,.., n—1
}
2
+1
A ={fw)=5i+1 fori=""171
2 i 2

n+3

Az ={f(v) =5i fori=
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Ay ={f(w) =1 fori=1}

As = {f(w) =5i—4 fori=23,. n+1

: }
2

n+3
A = {f(w) =5i—2 fori=

A7 = {f*(e) = 4 for i =1}

n—1
A ={f(e)=5i—1 for i=23,.., }
8 i 5
n+1
A ={f*(e)=5i for i= }
9 i 5
n+3
A ={f(e)=5i+1 for i= s, — 1}
10 i 2
Sn—1 for i=n}
A ={f(e)=
11 i 2
A ={f*()=2 for i =1}
i n—1
A ={f*(e)=5i—3 for i=23,.., }
13 i 5
n+1
A ={f(e)=5i—-1 for i= 1}
14 i 2
n—1
A ={f«(e) =5 for i=12,.., }
15 i 5
n+1
A ={f()=5i+2for i= sy — 1}
16 i 2

5n+1 for i=n}
={f() =
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17 i 2

It can be verified that f(V(M(Cn))) U f*(E(M(Cr))) = UV
A ={12,..5n} and sof is a

super mean labeling of M(C»). Hence M(C») is a super mean IabeiITnlg for line graph of cycle
when n is odd andn > 3.

Now define an injection f1: V(M(C,)) - {1,2,...5n} for n is even and n = 6 as follows,

1 fori=1
1
5i—5 fori=23,.— —1
I 2
fw)= n n
5i—-2 fori =
1 e 1
2 2
I n
5i—3 or —+2,..,n
I for;
n
Next we consider the following sets,
A ={f1(v) =1 fori=1}
n
A ={f1(v) =5i =5 fori= 2,3,...,2-— 1}
n n
Az ={f1(v)) =5i+ 2 fori = 2—,...,2-+ 1}

n
Ag = {f1(v) =5i=3 fori=—+2,..,n

15i -2 fori=1,2,...,—2—1
I

filup)) = 5i—=5 fori= —
2

n

I n

I 5i fer 2+1,...,n

And also we have,
n

150+1 fori=1,2,...2—2

1 n
5i—1 j=——1
15i fori >
I f(e) =
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n
5i ori= _—
f 2
n
I5i+ 3 forif +1,.,n—1
I
In+4
—I—2 fori=n
5i—1
12— fOTizl
) = n
5i—3 fori=2,..,
1 i N 2
n
I51—1 forl——2+1,...,n
n n
5i—1 fori=1,.77 —2 and —
2 2
) =1 n nt+1,..,n-1
5i+1 fori= — —1and —
1 i 2 2
5n+2
|—2 fori=n
n

A5={_f1(Ui)=5i—2f0Ti=1,2,...,2—1—}

n
Ae = {f1(u)) =5i -5 fori:zg.
n

A7 = {f1(w) = 5i fori = ) +1,..,n}

n
A ={f(e)=5i+1
8 1 i fori= 1,2,...2—2}

n
fori= -1}

A ={f(e)=5i—-1

9 1 i 2
n

A ={f(e)=5i fori= }

10 1 i )
n
A ={f(e)=5i+3 fori= +1,..,n—-1}

11 1 i 2

Sn+4
A ={f(e)= fori = n}
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12 1 )
o 5i—1
A ={f(e) = fori=1}
13 1 i )
n
A ={f()=5i-3 fori=2,.., }
14 1 i 2
n
A ={f()=5-1 fori= +1,..,n}
15 1 i ;
n n
A = }
{f=(e"
16 1 ; =5i—-1 fori=1,.. —2and_
2 2
n n
A ={f(e)=5+1 fori= —1land +1,..n—1}
17 1 i 2_ 2_
' 5n+2
A ={f()= fori=n}
18 1 i

It can be verified that f1(V(M(C»))) U f<(E(M(C,))) = U18

A ={1,2,..5n}

1 i=1

a super mean labeling ofM (Cn). Hence M(Cn) is a super mean labeling for
line graph of cycle

when nis evenandn > 6.

Summary and Remarks:

Here we propose new results corresponding to super mean labeling for
line and middle graph of path and cycle. All results reported here
are in line and middle graph of path and cycle,L(Pn), L(Cn), M(Pn)and
M(Cn). In future, it is not only possible to investigate some more results
corresponding to other graph families but also Smarandachely super m-
mean labeling in general as well.
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