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ABSTRACT 

 

The binary quadratic equation represented by the Positive Pellian
2 2y 35x 29  is analyzed for its distinct 

integer solutions. A few interesting relations among the solutions are given. Further, employing the solutions of the 

above hyperbola, we have obtained solutions of other choices of hyperbola and parabola. The formulation of second 

order Ramanujan numbers is illustrated. 
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INTRODUCTION 

 

A binary quadratic equation of the form 122  Dxy where D is non-square positive integer has been studied by various 

mathematicians for its non-trivial integral solutions when D takes different integral values [1-2]. For an extensive review of 

various problems, one may refer [3-12]. In this communication, yet another interesting hyperbola given by
2 2y 35x 29   is considered and infinitely many integer solutions are obtained. A few interesting properties among the 

solutions are obtained.  

 

Method of Analysis 

Consider  the positive pell equation   

                  
2935 22  xy

                                                                     
(1) 

which is satisfied by 

                  
13,2 00  yx

 
 

To obtain the other solutions of (1), consider the pellian equation  

                
135 22  xy

                                                                         
(2) 

 Initial solution is given by 

               
1~

0 x , 6~
0 y  

The general solution  
nn

yx ~,~
 of (2) is obtained by  

            

nn gx
352

1~ 
 

,

 
nn fy

2

1~ 
 

 

where 

                
  11

)356(356 
 nn

nf  
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  11
)356(356 

 nn

ng  

 

Using the lemma of Brahmagupta between  00 , yx  and  nn yx ~,~
, the other integer solutions to (1) are given by 

                     

nnn gfx
352

13
1   

                

nnn gfy
352

70

2

13
1 

 

 

Now , 

                nnn gfx 13352352 1                                                        (3) 

              nnn gfy 703513352 1                                                (4) 

 

Interchanging  n by n+1 in (3), we get
 

               

112
352

13
  nnn gfx

 

                      

   nnnn fggf 356
352

13
356 

  

        
      nnn gfx 1483525352 2                                                    (5) 

 

Interchanging n by n+1 in (5), we get   

                   

n 3 n 1 n 1

25 74
x f g

2 35
   

 

                         

   nnnn fggf 356
35

74
356

2

25


 

                  

nnn gfx
352

1763
1493   

                 nnn gfx 176335298352 3                                           (6) 

 

Omitting  𝑓𝑛  and 𝑔𝑛  between (3), (5) and (6), we have 

           
...3,2,1,012 321   nxxx nnn                                              (7) 

 

Proceeding the above steps, we have 

                     nnn gfy 87535148352 2                                          
(8) 

                     nnn gfy 10430351763352 3                                     
(9) 

Omitting  𝑓𝑛  and 𝑔𝑛  between (4), (8) and (9), we have 

                 ...3,2,1,012 321   nyyy nnn                                     (10) 

 Thus (7) and (10) represent the recurrence relations satisfied by the values of x and y  are respectively.  

Some numerical examples of 
n

x
 
and 

n
y  satisfying (1) are given in the 

 Table 1 below : 
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Table: 1 Numerical Examples 

 

n  
1n

x  
1n

y  

-1 2 13 

0 25 148 

1 298 1763 

2 3551 21008 

3 42314 250333 

 

OBSERVATIONS 

 
n

x  and 
n

y values  are alternatively  odd and even. 

 One can generate second order Ramanujan numbers by choosing x  and y  values suitably .For illustration, 

consider 

                               210083 y  

                       262685252*410504*2   

    
222222 130913172624262852515253   

  Now  

        
2222 2624262852515253   

     344793855251262826245253 2222   

        
2222 1309131752515253   

    
293074905251131713095253 2222 

 

         
2222 1309131726242628   

     
86198652624131713092628 2222   

             Thus, 34479385,29307490,8619865 are second order Ramanujan numbers. 

 

1.  Relations among the solutions : 

 0635 323   nnn yyx  

 0635 322   nnn yyx  

 067135 321   nnn yyx  

 071420 313   nnn yyx  

 070 312   nnn yyx  

 071420 311   nnn yyx  

 071635 213   nnn yyx  

 0635 212   nnn yyx  

 0635 211   nnn yyx  

 06
332


 nnn
xyx  
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 07112 331   nnn xyx  

 06 322   nnn xyx  

 0671 312   nnn xyx  

 01271 311   nnn xyx  

 0716 231   nnn xyx  

 06 221   nnn xyx  

 06 211   nnn xyx  

 02 321   nnn xyx  

 

2.  Expressions representing  nasty numbers: 

Solving  (3) and (5), we get 

                  

 12 14813
29

2
  nnn xxf

                                                  

(11) 

                 

 21 225
29

352
  nnn xxg

                                                 

(12) 

Interchanging n  by 12 n  in (11) we get 

                     223212 14813
29

2
  nnn xxf  

      Now     
2

12 2 nn ff   

                        2
2232 62914813

29

12
nnn fxx    , a nasty number    (13)             For simplicity and clear 

understanding, the other choices of nasty numbers are presented below: 

  348176313
29

1
2242   nn xx  

  297013
29

12
2222   nn xy  

  17487513
29

2
2232   nn xy  

  20591043013
2059

12
2242   nn xy  

  291763148
29

12
3242   nn xx  

  873574
29

4
3222   nn xy  

  29875148
29

12
3232   nn xy  

  87521574
29

4
3242   nn xy  
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  2059701763
2059

12
4222   nn xy  

  1748751763
29

2
4232   nn xy  

  29104301763
29

12
4242   nn xy  

  20314175
203

12
3222   nn yy  

  174149
29

2
4222   nn yy  

  203175203
203

12
4232   nn yy  

 

3.  Expressions representing cubical integers: 

Interchanging n  by 23 n  in (11), we get 

             

 334323 14813
29

2
  nnn xxf  

Now     nnn fff 33
23   

                  
3

3n 2 n nf 3f f  
   

 

        

  3
123343 4443914813

29

2
nnnnn fxxxx  

  

 is a cubical integer. 

For simplicity and clear understanding, the other choices of cubical integers are presented below: 

  133353 528939176313
174

1
  nnnn xxxx  

  113333 210397013
29

2
  nnnn xyxy  

  123343 26253987513
87

1
  nnnn xyxy  

  133353 31290391043013
2059

2
  nnnn xyxy  

  234353 52894441763148
29

2
  nnnn xxxx  

  214333 1052223574
87

2
  nnnn xyxy  

  224343 2625444875148
29

2
  nnnn xyxy  

  234353 15645222521574
87

2
  nnnn xyxy  
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  315333 2105289701763
2059

2
  nnnn xyxy  

  325343 26255289875176
87

1
  nnnn xyxy  

  335353 312905289104301763
29

2
  nnnn xyxy  

  214333 4252514175
203

2
  nnnn yyyy  

  315333 3447149
87

1
  nnnn yyyy  

  325343 52562581742086
203

2
  nnnn yyyy  

 

4.  Expressions representing  bi-quadratic integers:  

 Interchanging n  by 34 n in (11), we get 

                  

 445434 14813
29

2
  nnn xxf

  

 

Now         
42

34 24 nnn fff    
 

   4
22324454 875925214813

29

2
nnnnn fxxxx  

 
 a bi-quadratic integer. 

For simplicity and clear understanding ,the other choices of bi-quadratic integers are presented below: 

  1044705252176313
174

1
22424464   nnnn xxxx  

  87280527013
29

2
22224444   nnnn xyxy  

  52235005287513
87

1
22324454   nnnn xyxy  

  617741720521043013
2059

2
22424464   nnnn xyxy  

  8770525921763148
29

2
32425464   nnnn xxxx  

  2611402963574
87

2
32225444   nnnn xyxy  

  873500592875148
29

2
32325454   nnnn xyxy  

  26120860296521574
87

2
32425464   nnnn xyxy  
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  61772807052701763
2059

2
42226444   nnnn xyxy  

  522350070528751763
87

1
42326454   nnnn xyxy  

  87417207052104301763
29

2
42426464   nnnn xyxy  

  6095670014175
203

2
32225444   nnnn yyyy  

  5224596149
87

1
42226444   nnnn yyyy  

  60970083441752086
203

2
42326454   nnnn yyyy  

 

5.  Expressions representing quintic integers: 

Interchanging n  by 45 n  in (11), we have 

                    556545 14813
29

2
  nnn xxf  

       Now     nnnn ffff 55 35
55   

                    
nnnn ffff 55 3

55
5    

  5
1233435565 14801307406514813

29

2
nnnnnnn fxxxxxx    

is a quintic integer. 

For simplicity and clear understanding, the other choices of quintic integers are presented below: 

  1333535575 17630130881565176313
174

1
  nnnnnn xxxxxx  

  1133335555 700130350657013
29

2
  nnnnnn xyxyxy  

  1233435565 875013043756587513
87

1
  nnnnnn xyxyxy  

  1333535575 10430013052150651043013
2059

2
  nnnnnn xyxyxy  

  2343536575 17630148088157401736148
29

2
  nnnnnn xxxxxx  

  2143336555 3507401753703574
87

2
  nnnnnn xyxyxy  

  2243436565 875014804375740875148
29

2
  nnnnnn xyxyxy  

  2343536575 5215074026075370521574
87

2
  nnnnnn xyxyxy  
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  3153337555 70017633508815701763
2059

2
  nnnnnn xyxyxy  

  3253437565 875017630437588158751763
87

2
  nnnnnn xyxyxy  

  3353537575 104301763052158815104301763
29

2
  nnnnnn xyxyxy  

  2143336555 140175070875140175
203

2
  nnnnnn yyyyyy  

  3153337555 1014905745149
87

1
  nnnnnn yyyyyy  

  3253437565 175020860875104301752086
203

2
  nnnnnn yyyyyy  

 

6 . Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of 

hyperbola. For illustration ,let 

 

                    
21 225   nnn xxX  

 

           
12 14813   nnn xxY  

We  know that 422  nn gf
                                                           

(14)  

By applying (11) and (12) in (14), we have 

               

2 2

n n

1 35
Y X 1

841 841
   

                         

2 2

n nY 35X 841    

which represents a hyperbola. 

 

7.  Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of 

parabola .For illustration, let 

 

                         
21 225   nnn xxX  

               
n 2n 3 2n 2Y 13x 148 x 29   

 
From (13), 

          

  2

2n 3 2n 2 n

2
13x 148x 29 f

29
   

                                

(15)  

By applying (15) and (12) in (14), we have 

                

2

n n29Y 70X 1682   

which represents a parabola. 

 

CONCLUSION 

 

The hyperbola represented by the positive pell equation 2935 22  xy   is studied for finding its non-zero distinct 

integer solutions. A few interesting relations among the solutions are presented. As quadratic equations are rich in 

variety,one may attempt for determining the integer solutions to other choices of quadratic equations with two or more 

variables with suitable properties. 
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