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ABSTRACT

The binary quadratic equation represented by the Positive Pellian y* = 35x” + 29 is analyzed for its distinct

integer solutions. A few interesting relations among the solutions are given. Further, employing the solutions of the
above hyperbola, we have obtained solutions of other choices of hyperbola and parabola. The formulation of second
order Ramanujan numbers is illustrated.

Keywords: Binary quadratic, hyperbola, parabola, pell equation, integral solutions, second order Ramanujan
numbers 2010 mathematics subject classification: 11D09

INTRODUCTION

A binary quadratic equation of the form y2 = Dx? +1where D is non-square positive integer has been studied by various
mathematicians for its non-trivial integral solutions when D takes different integral values [1-2]. For an extensive review of
various problems, one may refer [3-12]. In this communication, yet another interesting hyperbola given by
y2 =35%%+29 is considered and infinitely many integer solutions are obtained. A few interesting properties among the
solutions are obtained.

Method of Analysis
Consider the positive pell equation

y2 =35x%+29 (1)
which is satisfied by
Xo =2,Y9 =13
To obtain the other solutions of (1), consider the pellian equation
y2 =35x2% +1 )
Initial solution is given by
X, =19,=6

The general solution (Xn Y, ) of (2) is obtained by

1
2

~

1 ~
X, =——— , =
NPT In: Yn

f,=(6+35)" + (6—+/35)""

where
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n-+1
~(6++/35)"" = (6-+/35)""

Using the lemma of Brahmagupta between (Xo , yO) and (in , Vn ) the other integer solutions to (1) are given by

X g
n+l = \/— n
Vo1 = 9 fo+— g
n+1 2 n 2\/@ n
Now ,
2./35x,,,, = 2+/35f, +13qg, -
2+/35y,, ., =13J35f, + 70g,, @
Interchanging n by n+1 in (3), We get
Xnp2 = n+1 \/— Oni
6f, ++/350, 69, +~/35f
- )22 (oq, + 551,
24/35x,,, , = 25+/35f,, +1489,, (5)
Interchanging n by n+1 in (5), we get
X,0= 22f,
n+3 = 2 n+1 Egnﬂ
25
6f, ++/35 69, +~/35f
A Sgn }+ e 60, + V351,
1763
Xn+3 =149 fn +ﬁgn
2./35x,,,5 = 298+/35f, +1763g,, ®)
Omitting f, and g,, between (3), (5) and (6), we have
Xni1 —12X,,0 + Xh03 =0,n=123... o
Proceeding the above steps, we have
2:/35y,,, =148/35f, +875g, ®)
2:/35y,, 5 =1763/35f, +10430g,, ©
Omitting £, and g, between (4), (8) and (9), we have
Y1 —12Yni0 + Vi3 =0,n=123... (10)

Thus (7) and (10) represent the recurrence relations satisfied by the values of X and y are respectively.

Some numerical examples of Xn and yn satisfying (1) are given in the
Table 1 below :
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Table: 1 Numerical Examples

n+1 yn+1
2 13
25 148
298 1763
3551 21008
42314 250333
OBSERVATIONS
> Xn and yn values are alternatively odd and even.
> One can generate second order Ramanujan numbers by choosing X and Y values suitably .For illustration,

consider

y; = 21008
— 2*10504 = 4*5252 = 8 2626
— 52532 — 52517 = 2628% — 26242 =1317% —1309°

Now

52532 — 52512 = 26282 — 2624

— 5253% + 2624° = 2628% + 52512 = 34479385
52532 — 52512 =1317?% —13092

— 52532 +1309% =13172 + 5251 = 29307490
26282 — 26242 =13172 —13092

— 2628% +1309% =13172 + 2624° = 8619865
Thus, 34479385,29307490,8619865 are second order Ramanujan numbers.

1. Relations among the solutions :

35X%n4+3+ Yns2 —6Yni3 =0

* 35X.2 +6Yni2 — Yni3 =0
3341+ 1Yo —6Yn,3=0

420Xn, 3+ Yni1 — (1Y 3 =0
710Xp12 + Yoy — Yniz =0

* 420Xn,1 + 71Yn4g — Ynaz =0

» 39Xny3 +6Yng — 1Ynip =0

* 33Xns2 + Ynia —6Yni2 =0

* 35%pyg +6Yn1 — Yoo =0
X2 T Yois —6X, 5 =0
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Xns1 +12 Ynia = (WXpi3 = 0
 6Xn42 + Yni2 — Xnu3 =0
71Xp42 + Ynig —6Xy,3 =0
Xpq +12Y0,0 —Xni3 =0
6Xp + Yoz = 1 WXpyo = 0
* Xpga + Yne2 — 66X =0
6Xns1 + Ynir —Xns2 =0

* Xn1 +2Yn2 —Xn3 =0

5

%

D3

o, o,
o o

5

%

D3

o,
o

2. Expressions representing nasty numbers:
Solving (3) and (5), we get

2
f = E[len+2 —148x,,,4] (11)

2J_[
29

25X n+1 n+2] (12)

n

Interchanging N by 2N +1 in (11) we get
2
fony = 5[13X2n+3 —~ 148Xy, |
Now f2n+1+2 = fn2

= ;_52;[13X2n+3 — 148Xy, 5 +29]=6f . anasty number (13)

understanding, the other choices of nasty numbers are presented below:

2 2—19[13x2n+4 —1763x,,,, , + 348]
12
# [18yyq, 5 — 70Xy, 5 +29]
29
2+ 3[13y2n+3 —875X%,,,, » +174]
: 12 —=_[13 —10430x,,,, , + 2059]
" 5059 Yon+a — 2n+2
> 5[148x2n+4 —1763X,,,, 5 + 29]
* i[743/2n+2 — 35Xy, 3 +87]
29
® ]2-_;[148y2n+3 —875X%yn,3 + 29]

* %[74Y2n+4 —5215X,,,5 +87]
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For simplicity and clear
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v 22 1763y, 5 — 70%p. 4 +2059)]

2059
: 2—29[1763y2n+3 —875X%,,,, 4 +174]

X ;_2[1763y2n+4 —10430X5,,4 + 29]
12

% ﬁ[175y2n+2 —14y,n.3 + 203]
2

% 2_9[149y2n+2 — Yon+a +174]

12
g ﬁ[203y2n+3 —~175Yn,4 +203]

3. Expressions representing cubical integers:
Interchanging N by 3N + 2 in (11), we get

2
fani2 = 29 [13X3n+4 _148X3n+3]
Now fa,.0 = fo—3f,
= f3n+2 + an = fn3

= % [13X3n+4 —148X3,,3 + 39X, 0 — 444Xn+1] = fn3 is a cubical integer.

For simplicity and clear understanding, the other choices of cubical integers are presented below:

2 ﬁ[lsx3n+5 ~1763Xg3,, 3 +39%,,3 — 52894 |

2
» 29 [13Y3n+3 —10X3n,3 +39Y41 — 210Xn+1]

1
% E [13y3n+4 - 875X3n+3 +39 Yni2 — 2625Xn+1]

g L[13Y3n+5 —~10430%gy,3 +39Yp.,3 — 31290X,, |

2059
. %[148x3n+5 —1763%3,,, 4 + 444X, 5 —5289X,, ., ]

2
> 8_7 [74y3n+3 —35X3n44 +222Y 4 _105Xn+2]

2
g 2_9[148y3n+4 —875X3,4 + 444y, - 2625Xn+2]

B 3[74Y3n+5 —5215Xgy,4 +222Y,,3 —15645X,,, |

87
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2
N"ACO [1763y3n+3 - 70X3n+5 + 5289yn+1 - 210Xn+3]

2059

L 17630, 4 —875Xap.s + 5289y, , — 2625%,,5]

87
2—29 [1763ys,,, 5 —10430x%s,, 5 + 5289y, ., 3 —31290X,,, 5]

2
> _[175Y3n+3 —14y3,,4 +525y 1 — 42)’n+2]

203
1
8_7[149y3n+3 — Yanss t+ 447yn+1 - 3yn+3]
2
E[2086y3n+4 —174y3,,5 + 6258y, 5 — 525yn+3]

4. Expressions representing bi-quadratic integers:
Interchanging N by 4N + 3in (11), we get

2
faniz = E [13X4n+5 _148X4n+4]
Now  fyq,q+4f2—2=1F"
= 2—29[13x4n+5 —148X4p,,4 +52Xo0,3 —592Xy, 5 +87]= f,

a bi-quadratic integer.
For simplicity and clear understanding ,the other choices of bi-quadratic integers are presented below:

: ﬁ[l?,x4n+6 —1763X4n44 +52Xon 44 — 7052%,,, , +1044]
2_29[13)’4n+4 — 70X4n4a +52Y2n,0 — 280X, 0 + 87]

2 %[l3y4n+5 —875%4p,4 + 5203 —3500%,,,, » +522]

2 %59 [13Y4n.6 —10430X4,,4 +52Y2n,4 —41720X5,,,, +6177]

2—29[148x4n+6 —1763X4,,, 5 +592%,,,, 4 — 7052X,,,, 3 + 87|

2
g 8_7[74Y4n+4 —35X4n45 + 296y, 2 — 140X, 3 + 261]
> 2_29[148)’4n+5 —875X 445 +592Y 5,3 —~3500%5p,5 +87]

. 3[74y4n+6 —5215X%4,,, 5 + 296Y,,, 4 — 20860X,,,, 3 + 261]

87
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2
2059

2 é [1763Y 4.5 — 875X, + 7052y 50,3 —3500%,,, 4 +522]

[1763y,,,4 — 70X4.6 + 7052Yor,, » — 280X, 4 +6177]

2 239 [1763y,,,s —10430%,,,, + 7052Y,, .4 —41720X,,, 4 +87]

2
* 503075Yansa ~14Yanss + 700¥ 20 —56Yzn.3 +609)

1
g §[149Y4n+4 —Yanie T 596y2n+2 - 4y2n+4 + 522]

2
ﬁ[2086y4n+5 —175Y40,.6 +8344Y,n,3— 700y, , 4 +609]

5. Expressions representing quintic integers:
Interchanging N by 5n+4in (11), we have

2
1:5n+4 = 5[13X5n+6 _148X5n+5]
Now feo.c=Tf>—5f>+5f,
fn5 = f5n+5 +5 fn3 -5 fn

= 2—29[13x5n+6 — 148X, 5 + 65Xa,, 4 — 740Xs,, 3 +130X,,,, —1480%,,,,]= f.

is a quintic integer.
For simplicity and clear understanding, the other choices of quintic integers are presented below:

3 ﬁ[lsx5n+7 —1763Xg,,5 +65Xg,,5 — 8815Xg. 5 +130X,,,5 —17630X,, 4]

2
> E [13y5n+5 - 70X5n+5 +65 Yaniz — 350X3n+3 +130yn+1 - 700Xn+1]
1
> 8_7 [13y5n+6 —875X5,5 +63Y31,4 — 4375X3n+3 +130 Yne2 — 8750Xn+1]

: 20_259 [13Ysp.7 —10430Xsy,,5 +65Y3,,5 — 52150X3,,5 +130Y,,,5 —104300X,,4 |

. 2—29[148x5n+7 —1736Xs,,g + 740X3,,5 —8815X3,,, 4 +1480X,,, 3 —17630X,,., |

2
¢ o7 [74Ysni5 = 35%sns6 +370Yan.a ~175Xan,4 + 740Yny ~350%n,0]

* 2_29 [148y5n+6 - 875X5n+6 +740 Yania — 4375X3n+4 +1480 Yni2 — 8750Xn+2]

. é [74yc, .7 —5215xg,,,6 +370Y3,,5 — 26075Xs,,, 4 + 740Y,,,5 —52150X,,, 5|
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2
* 5059 [1763Ys5p,5 — 70Xsp.7 +8815Y 30,5 —350Xgy.5 +1763Yy,1 — 700X, 3]

> %[mssy5n+6 —875Xg,,,7 +8815Y3,,, 4 —4375Xs,,5 +17630Y, ., —8750X,, 5]

% 2—29[1763y5n+7 —10430Xs,,,7 +8815Ys,,5 —5215Xg,,5 +17630Y,,5 —10430X,,,5]

2
% ——[175y5,,5 —140Ys,,6 +875Y30,3 — 70Y30,4 1750y, —140Y,, 5 |

203

1
23 a7 [149Y5n15 — Ysns7 + 745Y3n.3 —5Yanas +1490Y,y —10Y,.5]

2
* _[2086y5n+6 —175Y5n,7 +10430y3,,4 —875Y3,5 +20860Y,, —175OYn+3]

203

6 . Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of
hyperbola. For illustration ,let

Xn = 25X = 2Xn42

Y, =13X,,., —148X,,4

We know that fn2 — gﬁ =4 (14)
By applying (11) and (12) in (14), we have
ERRVE IV
841 841
= Y?-36X2 =841

which represents a hyperbola.

7. Employing linear combinations among the solutions of (1), one may generate integer solutions for other choices of
parabola .For illustration, let

X =25Xn41 — 2Xp42
Y, =13X,,,; —148 X,,,, +29

From (13),

2—29[13x2n+3 —148x,,,, +29]=f; (15)

By applying (15) and (12) in (14), we have
29Y, —7OX§ =1682

which represents a parabola.
CONCLUSION

The hyperbola represented by the positive pell equation y2 = 35X2 + 29 s studied for finding its non-zero distinct

integer solutions. A few interesting relations among the solutions are presented. As quadratic equations are rich in
variety,one may attempt for determining the integer solutions to other choices of quadratic equations with two or more
variables with suitable properties.
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