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ABSTRACT

Dusty gas flow through isotropic porous media is considered. The equations governing dusty gas flow
through free space are intrinsically averaged in order to derive a comprehensive model that describes
flow of a dusty gas through porous media. The developed model is capable of describing flow of
mixtures with non-uniform number density through variable porosity media, while taking into
account the porous microstructure and both the Darcy resistance and the Forchheimer micro-inertial
effects.
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1. INTRODUCTION

Dusty gas flow through porous media has received considerable attention over the second half of the last century due to
the various applications of this type of flow in both natural and industrial situations. Concern for environmental
pollution over the last fifty years, accompanied with increasing demand for drinking water worldwide made filtration
design imperative, [1], [2], [3], [4]. Water shortage for agricultural use, and the need for more agricultural food
products, mandated a need for a better understanding of irrigation systems in order to produce more efficient
methodologies of distributing plant nutrients into soil layers and into plant roots. Soil pollution and soil contamination
by heavy metals necessitate the study of particle-laden fluid flow. In addition, transport of slurries through porous
structures, [5], [6], and the study of the movement of oil, water and gas through earth layers have made it imperative to
develop transport models involving multi-phase fluid- and gas-particle mixtures, [3], [7], [8].

These and many other applications emphasize the need, and importance of modeling dusty gas flow through porous
media, and seeking solutions to initial and boundary-value problems, [5], [9].

In the flow of a dusty gas, the fluid-phase is taken as the carrier fluid while the dust-phase represents the transported
particulates. In cases where the porous matrix undergoes fragmentation, porosity of the matrix may change, and more
particulates are added to the flow field. In cases where particles settle on the matrix walls (pore walls) a blockage may
occur, thus decreasing the porosity. In both cases the porosity must be taken as a non-constant (variable) function of
position. In cases where these changes are transient, the porosity is also a function of ,time (cf. [8], [10], [11], and the
references therein).

Various mathematical models describing the flow of a dusty fluid have been developed based on the continuum
approach and involve intrinsic averaging of Saffman’s dusty gas model, [12], over an isotropic porous control volume.
The available models address the steady-state flow, taking into account the Darcy resistance only and ignoring porosity
changes and changes in the particle number density, [13]. The current work will consider development of a more
general flow model of a dusty gas through an isotropic porous medium, with variable porosity to allow for possible
porous matrix sedimentation and further matrix corrosion studies. The model will provide the flexibility for future
studies to describe the fluid-phase and dust-phase velocity fields and to better understand the dependence of the particle
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distribution on the medium porosity and the changes in particle number distribution. This in turn will offer better
understanding of particle settling rates in processes such as filtration.

The current work will also provide partial answers to the existing gap of knowledge with regard to microscopic inertial
effects and how they are modeled in a dusty gas flow. This will be accomplished by utilizing porous microstructure
descriptions that allow for Forchheimer effects to be taken into account, in addition to Darcy resistance effects. Finally,
as the literature on dusty gas flow through porous media enjoys idealizations such as a uniform distribution of particles
in the flow field and flow through constant porosity media, the model developed in this work is more general, and
offers the flexibility to be sub-classified into simplifying categories that some applications may demand.

2. MODEL DEVELOPMENT

The flow of a viscous, incompressible dusty gas flow through free-space is governed by the following coupled set of
field equations, due to Saffman, [12], written here in dyadic form suitable for volume averaging:

Fluid-phase continuity equation
VeU =0. (1)

Fluid-phase momentum equation
prOL]lj =—VP+ VU + KN(\7—L])—pr

(2
Dust-phase continuity equation
VeNV =0. .3

Dust-phase momentum equation

p,VeNW = KN(U -V) - p NG+ p, NG

...(4)

where U and VV are the fluid-phase and dust-phase velocity fields, respectively, P is the fluid pressure, p; is the

fluid density, Pp is the dust particle density, K is the Stokes’ coefficient of resistance, N is the particle distribution (or

the particle number density, that is, the number of particles per unit volume), é is the local gravitational acceleration,
and u is the fluid viscosity coefficient.

Equations (2.1) through (2.4) represent a determinate system of eight scalar equations in the eight unknowns,

lj,\7, N, and P. Our interest is to develop a continuum model to describe the flow of a particle-fluid mixture through

an isotropic porous material, with non-uniform particle distribution (variable number density, N). To accomplish this,
the above equations will be averaged over a Representative Elementary Volume, defined as a control volume that
contains solids and voids in the same proportion as the whole medium.

The effects of the porous microstructure on the flowing mixture will be accounted for through the concept of a
Representative Unit Cell, [14], [15], [16], [17], that provides mathematical idealization to the porous microstructure

and facilitates its description. Denoting the pore volume by Vw, the bulk volume by V , and porosity by ¢ = V{” , then

following Bachmat and Bear, [18], and Hamdan, [19], we provide the following notation for volume averaging and its
rules. The volumetric phase average of a quantity F (that is, the volumetric volume average of F over the bulk volume,
V) is defined as:

<F>:£m|:dv ElJ'FdV .5
\ v, \% v,
and the intrinsic phase average (that is, the volumetric average of F over the effective pore space, V¢ ) is defined as:
1 1
<F>¢:V—mFdV =\7deV. ..(6)
9V A

The relationship between the volumetric phase average and the intrinsic phase average is obtained from equations (5),
(6) and the definition of porosity, and takes the form:
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<F>=p<F> . (7
Averaging theorems are written in the following forms, [19]. Let F and H be volumetrically additive scalar quantities,
F avector quantity, and c a constant (whose average is itself), then:

()...<CF >=c<F>=cp<F>_ .

y 1oz i

(i)...<VE>=¢V <F >/ +\7[st ndS =V <F > +V£F ndS

where S is the surface area of the solid matrix in the REV that is in contact with the fluid, and i is the unit normal

vector pointing into the solid. The quantity F° = F—< F > is the deviation of the averaged quantity from its true
(microscopic) value.

(iii)... <FF+H>=<F>F*<H>=¢p<FFH> =¢p<F>, fp<H>,
(iv)... <FH>=p<FH > =p<F> <H> +p<F'H" >,
_ ~ 1 ep— — _ 1,e— -
VM<VeF>=Vep<F >, +\7HF endS=Vep<F >, +\7-[F e naS.
(vi)... Due to the no-slip condition, a susrface integral is zero if it contains tShe fluid velocity vector explicitly.
The above averaging rules are applied to equations (1) through (4), to obtain:
For fluid-phase:
Continuity Equation:
V0¢<U>W+\%J'UOHdS=O. ..(8)
Momentum Equation:S
piVep<U> <U> =
—gV <P>, +uV’p<U> +Kp<N> [<V> —<U> 1-pp<G>,
+Kp[<NV" > —<NU" > 1-pVep<UU" >, —pp<G >,

1 S 1o, = e
+\7£(/,NU ofi—fAP")dS +\7£(ﬂu efi—p,UU efi)dS. ..(9)

For dust-phase:

Continuity Equation:

V0¢<N>(p<\7>¢ +Vep <NV’ >, +\%IN\7-ﬁdS:O. ...(10)
Momentum Equation: S

pVep<N> <V > <V>=Kp<N> [<U> —<V> ]+

+(p; =P <N>,<G>, +(p; —p,)p<NG >, +Kg[<NU" > —<NV" > ]

g o P [T o
~p,Vep<NVV" > —vijvv-nds. (12)
S

3. ANALYSIS OF SURFACE INTEGRALS AND DEVIATION TERMS

The deviation terms and surface integrals that appear in equations (8)-(11) contain information on the interactions that
take place between the flowing phases and the porous medium. At the outset, Saffman’s dusty gas model, [12], in free-
space accounts for the effects of the flowing phases on each other by using a friction force proportional to the relative
velocity of the flowing phases. In the case of flow of a dusty gas through a porous material, we have assumed that
Saffman’s relative velocity friction force is still valid.
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The flowing phases undergo other forces that arise due to the presence of a solid matrix. In particular, pore walls (solid
matrix) present additional solid boundary on which the fluid-phase experiences no-slip on its velocity and the dust-
phase experiences additional friction. A greater solid surface area is available for the dust particles to either settle on, or
to enhance solid particle reflection back into the flow field. Tortuosity of the flow path in the porous medium and the
converging-diverging pore structure may enhance microscopic inertial effects or influence dispersion of the dust
particles. In order to shed some light on these processes, we provide analysis of the surface integrals and deviation
terms that are involved in the averaged governing equations.

3.1. Surface Integrals Involving the Fluid- and Dust-phase Velocities

When a dusty gas flows in a domain bounded by a solid, the fluid-phase experiences no-slip on the boundary. By
invoking Gauss’ Divergence Theorem, and making use of the fluid-phase continuity equation (1), we obtain:

jU-ﬁdS:jv-Udv 0. .(12)
S

Vo

Accordingly, the terms \%jlj e ndS and\%j(,ug ofi —pfljlj o ﬁ)dS vanish equations (8) and (9), which take
S S

the following updated forms, respectively:
Vep<U> =0. ...(13)
- - 1 -~ . .
piVep<U > <U >¢=\7J.(yVU o —MiP°)dS
S

—pV <P> +uV’p<U> +Kp<N>, [<\7 >, —<U >¢,]—pfgp<é >,

+Kg[<NV" > —<NU" > 1-p Vep<UU" > —p p<G > . ..(14)

The surface integral .[ NV e fidS appearing in the averaged dust-phase continuity equation (10) can be expressed
S
using Gauss’ Divergence Theorem and, upon using (3), we have:

[NV efids = [VeNVdV =0. ...(15)
s v,

The dust-phase continuity equation (10) thus takes the form:

Vep<N> <V> +Vep<NV" > =0.

...(16)

It is worth noting that Saffman’s dusty gas model assumes a small bulk concentration of dust particles (that is, a small
volume fraction is occupied by the dust particles). This could justify taking the time rate of change of N to be negligibly
small. However, the total number of particles within an REV is not constant. In this case, both the number density N
and the total number of particles within the REV are functions of position, which points to the possibility of particle
settling. We note that the total number of particles within the REV isM = INdV which can be argued to be

Vo

approximated by the product M =V <N > . As <N >_ isa function of position, so is M.

1 . o

Now, the surface integral \7 J N (VV e n)dS appearing in equation (11) has been argued to represent a shear force,
S

[13]. Since the dust particle shear is absent, this integral vanishes, and equation (11) is replaced by:

pVep <N >¢,<\7 >¢,<\7 >,=Kp<N>, (<U >, —<V >,)+
+(pr —P)P<N> <G>, +(p; —p,)p<N°G >, +Kp(<NU" > —<NV">)
—p,Vep< NVV® >, ...(17)
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3.2. Analysis of the Deviation Terms

Averaged terms involving deviations from their microscopic values are present in the fluid-phase momentum equations
(14), in the dust-phase continuity equation (16), and in the dust-phase momentum equations (17). These terms are
related to the hydrodynamic dispersion of the average phase velocities in the porous medium. Hydrodynamic dispersion
through porous media has been argued to be the sum of mechanical dispersion (due to tortuosity of the flow path in the
porous microstructure) and molecular diffusion of the fluid-phase vorticity, [19].

The deviation terms in Vo¢<U°L]° >, of equation (3.3) and in Ve g < NVV° >, of equation (17) involve

products of deviations of average phase velocities. They are inertial terms representative of mechanical dispersion due
to the porous microstructure. In porous media where velocity and porosity gradients are not high, these terms are small,
hence can be neglected. This can be seen from further expansion of the deviation terms, as follows:

<U°u’ >¢=<U° >¢<U°>¢+<U°°U°° >, ...(18)
<NVV' > =<N"> <V’ > <V'> +<NVV”T> . ...(19)
In the absence of high porosity and velocity gradients, intrinsic averages of the deviations < Uk >, and <V° >,

are small and their products can be argued to be negligibly small. However, they may be of significance in media with
high porosity gradients, and may thus be modeled using dynamic diffusivity, [12].

The term < G° >, appearing in equation (14) and (17) represents a negligible deviation of the average local

gravitational acceleration, hence ignored. The term < NG > v of equation (17) represents dispersion of the dust

particles due to fluctuations in the local gravitational acceleration. Clearly, this term is negligible due to the small (if
any) fluctuations in gravitational acceleration. This can also be seen from the following expansion:

<N'G" > =<N"> <G> +<N"G”" > . ...(20)

Since <G* >, is negligible, and < N° >, is generally small, and the term < N°G >, is subsequently
negligibly small.

The terms < N°V° >, and < N°U* >, represent dispersion of the dust particles due to fluctuations in the dust-
phase and fluid-phase average wvelocity vectors, respectively. The difference between these terms, namely
<N°U" >, —< NV* >, , and the negative of this difference, which appear in the fluid-phase and dust-phase

momentum equations, represent dispersion of the particles due to fluctuations in the average relative velocity vector.
These terms can be expanded as follows:

<N°U°>¢=<N°>¢<U°>w+< N“U" >, ...(21)
<NV7> =<N"> <V'> +<NV” >/ ...(22)
<NU" > —<NV > =<N"> (<U"> —<V">)+(<NU"> —<NV”>) ...(23)

and analyzed in what follows. In case of a uniform particle distribution, N is constant, and < N* >,= 0. Thus, the
dispersion vectors vanish. For a non-uniform particle distribution, hydrodynamic dispersion may be either modeled as a

Fourier diffusion process, or as diffusion expressed as a product of a diffusion coefficient vector, ¢ , and a number
density driving differential, < N >, —N,, where N is an average reference particle distribution. In this latter case

we have:
<N°>¢<U°>¢,: 51[<N>¢ —Ng4] ...(24)
<N"> <V'> = §[<N>,-N,I. ...(25)
<N > [<U" >, —<V"> 1= (6,-8,)[<N>, -N,1=0[<N>, —Ny1. ..(26)
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In light of (25), the term V @ @ < N"V* > appearing in the dust-phase continuity equation, is expressed in the form:

Vep< N°V°>¢:V0¢52[<N>¢ —-N, 1] ...(27)
and the dust-phase continuity equation takes the following final form:

Vep<N >¢<\7 >, +Veps,[<N >, —Ny]=0 ...(28)

and the fluid-phase momentum equation takes the following form when ignoring averaged deviations in gravitational
acceleration:

pr0g0<U >¢<U >,=
—pV<P> +uV’p<U> +Kp<N>, [<\7 >, —<U >¢,]—pfgp<é >,

- 1 T
~K@d[<N >, —Nd]+\7j(/Nu o fi—AP")dS. ..(29)
S
The dust-phase momentum equation also reduces to:
pVep<N> <V><V>

= Kgo{< N>, (<U >, —<V >(p)+5[< N>, —Nd]}+(pf -p)¢ <N >¢<G >¢.
...(30)

3.3. Analysis of the Surface Integral involving Pressure Deviation
The solid porous matrix affects the flowing fluid through the portion of the surface area of the solid that is in contact

1 I
with the fluid. The surface integral arising in (29), namely, \7-[(’UVU i —fP")dS , involves the pressure
S

deviation and the fluid-phase velocity gradient. This integral is the same as the integral obtained in Whitaker, [20],
[21], and referred to by Whitaker as a surface filter. It is also the same integral obtained in Du Plessis and Masliyah,
[16], [17], and contains the information necessary to identify and quantify the forces exerted by the porous matrix on
the fluid. By comparison with the averaged Navier-Stokes momentum equations, this integral is identified with the
force that gives rise to Darcy resistance and the Forchheimer inertial terms. The following cases arise in quantifying
this surface integral in the study of dusty gas flow through porous media:

Case 1:
In case of single phase flow through constant porosity porous media, it has been customary to identify this term with

the Darcy resistance: _H <U > »» Where 77 is the permeability, [16], [17]. Since the above surface integral involves
n

the fluid-phase velocity gradient only, the use of Darcy resistance given above is justifiable. However, neither the

porous microstructure nor the variable porosity effects are accounted for. In addition, Forchheimer inertial effects

cannot be accounted for when the Darcy resistance term alone is used.

Case 2:
For the case of dusty gas flow through constant porosity porous media, Darcy resistance may be expressed in terms of

the relative velocity as: —ﬁ(<U >, = <V >(p), [19]. This is justifiable in terms of the two-way interaction that
n

takes place, and the fact that the dust-phase exerts a friction force on the fluid-phase which affects its velocity.

However, in this case also there is no account given to the effects of the porous microstructure, the variable porosity

and the Forchheimer inertial effects.

Case 3:

Accurate evaluation of the surface integral depends on the knowledge of the porous microstructure and its geometric
description. Some important microstructure descriptions have been reported in [14], [15], [16], [17]. For example, in
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their description of granular microstructure, Du Plessis and Masliyah, [16], [17], provided the following value for the
surface integral that appears in equation (29), above:

\%j(,uVU OH—ﬁp°)dS =—[3fA-2)@c-I?/* u<U >, ...(31)
S

where | is a microscopic characteristic length, and
r=[1-1-9)"*1/¢. .(32)

The factor f in equation (31) is the product of the Reynolds number and the friction factor associated with the flow of a
dusty fluid through porous media; and 7 is the tortuosity of the medium. As discussed in [20], [21], [22]. [23], the
above surface integral can be decomposed into two parts: one is a shear force integral (which accounts for the viscous
drag effects that predominate in the Darcy regime, that is, for small Reynolds number flow), and the other is an inertial
force integral (which accounts for inertial drag effects that predominate in the Forchheimer regime, that is, for high
Reynolds number flow).

This type of integral has received extensive analysis, and its quantification gives closure to the problem of flow through
a porous structure, [15]. Quantification of this surface integral depends on evaluating the surface integral of pressure

deviations, namely, [ p°ndS , and the surface integral of the directional derivative in the direction of the normal
S

vector, namely, J.VU oﬁdS = J.%—Lf dS . Clearly, these surface integrals are dependent on the flow velocity but
n
S S

independent of the type of flowing fluid; hence, we will rely on what is already established in the literature to evaluate
them.

To accomplish this, we let f1 be the velocity-independent viscous shear geometric factor that depends on the geometry

of the porous medium and gives rise to the Darcy resistance, and fz the velocity-dependent inertial geometric factor

that gives rise to the Forchheimer inertial term. Following Du Plessis and Diedericks, [15], the Churchill-Usagi total
frictional effects, f, of the porous matrix on the fluid may be expressed as:

fr="f+f' ..(33)
where r is a shifting factor that Du Plessis’ results, [14], Du Plessis and Diedericks, [15], have shown to produce

reasonable correlation when its value is unity. Furthermore, in terms of the factor fl, hydrodynamic permeability, 77,
is given by, [15]:

n=-—. ...(34)
f1

Whitaker, [20], [21], expressed the surface integral in terms of the superficial velocity average (namely,

<U >=¢<U >,) as:

—\%I[—p°ﬁ+,uVlJOFl]dS:—,ufgo<lj >, =—u(f, + f,)p<U >, . ...(35)
S

Expressions for f, and f, require a mathematical description of the porous matrix and its microstructure. Du Plessis

and Diedericks, [15], carried out extensive analysis on evaluating these geometric factors for isotropic porous media,
based on Du Plessis and Masliyah’s concept of a Representative Unit Cell (RUC), [16], [17], which they defined as the
minimal REV in which the average properties of the porous medium are embedded. For granular isotropic porous

media, the following expressions, as given in Du Plessis and Diedericks, [15], are adopted in this work for f, and f,,
and for the hydrodynamic permeability:

(¢ _ 36(1—¢)2/3
LA -(-9)"IR- -]

...(36)
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_pdlp<U>,[Cy(1-9)*

T @) T -
where d is a microscopic length (such as the mean pore diameter) and C, is the Forchheimer drag coefficient.
Hydrodynamic permeability for granular isotropic porous media is defined as:

_p _dl-(1-9)"I0-1-9)*"] (38

f, 36(1— )2

It is customary to express the Darcy resistance and the Forchheimer term as —ﬁ¢<U >, and

.
n

phase linear momentum equations to their final forms. We thus have:
piVep<U> <U> =

Q< U] >, ‘(o <U >¢,‘ , respectively. We therefore use these expressions to bring the intrinsic averaged fluid-

—pV <P> +uV’p<U> +Kp<N>, [<\7 >, —<U >¢,]—pf¢<é >,
PC4
Jn

- /,[ - — —
_K¢5[<N>¢,—Nd]—;gp<U >, = p<U >¢‘¢<U >¢‘. ...(39)
3.4. Final Form of Governing Equations
Equations (13) and (39) represent the final form of the intrinsic-averaged fluid-phase continuity and momentum
equations, respectively, and equations (28) and (30) are the final form of the intrinsic-averaged dust-phase continuity
and momentum equations, respectively. We can write the governing equations in the following final form by letting:

<U>¢,EU,<V>¢E\7,<N>wzn,<G>¢,Eg,<P>(p:p ...(40)

For fluid-phase:

V e gii =0. ...(41)
O N } o } - ) o
pf[—wW-WU}—¢Vp+uvzw+Kw[v—U]—pf¢g—Kcoé[n—Nd]—ﬁ(pU—pC" |l
ot n Jn
.(42)

For Dust-phase:

Veni+Veps,[n—N,]=0

..(43)

oV ® i = Ken(ii —7) + (1~ Pp)oG + KN - N, ]
...(44)

4. CONCLUSION

In this work, we derived a general model that governs the unsteady flow of a dusty gas with non-uniform distribution
through an isotropic porous material. Darcian and non-Darcian (Forchheimer) effects have been taken into account.
While this work does not provide validation to the developed model, (as it remains a challenge to solve the full model),
it points to the need for solving initial and boundary value problems and validating. Some experimental validation may
be required, especially for better understanding of the dispersion and settling processes that take place in the porous
medium.
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