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On an Irreducibility Theorem of A. Cohn
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A classical result of Cohn [See eg. Polya and Szego (1964)] states as follows: -

Theorem 1.1: If a prime p is expressed in the decimal system as

n
p=>1210"0<a, <9
k=0

n
then the polynomial Zakxk is irreolucible in Z[x]. In this paper, we shall give a generalization of Cohn’s Theorem. We

k=0
shall also prove a criterion to test the irreducibility of a wide class of polynomials.

Theorem 1.2 : Let f(x) € Z[x] be a polynomial of degree n with z with zeroes a, oy, ... , an. If there is an integer b for

which f(b) is a prime, f (b — 1) # 0 and Re(w;) < b - % for 1<i<n, then f(x) is irreducible in Z[x].

Proof : Let f(x) be reducible in Z[x] that is f (X) = g(x) h(x) where g(x), h(x) e Z[x] with degree (g(x)), degree (h(x)) > 1. If
o, are the zeroes of g(x) then Re(oy) <b - % . Let degree g(x) be m. Let g(x) be factored over the complex field that is g(x)

= am(X - B1) (X - B2)ewee (X = Br) (X - Brer) «o. (X - Bm), Where By, By ... By, are reals and Brs1, Prez ... Pm are complex number
with non-zero imaginary part. Further, complex roots occur in pairs so that

9(¥) =am (X=BX—B2) &K =B )X = Ypi1 = ¥ri2) - K= Vrag +iV1sp)
(X = Vi iYm)(X = Wil iYm)

1 1 1 1
Then g(x+b—5j=am(x+b—E—Blj(x+b—E—BZJ..[x+b—E—Br)

1 . il . 1 4
X+b_§_Yr+l_|Yr+2 X+b_5_7r+l+wr+2 - X+b_5_7m—l_wm

1 .
(X+b—§—ym_l+lymj

= am(X + SlXX + 82)"()( + 6rXX + 6r+1 - in+2XX + 8r+1 + in+2)
X8y — iy X+ 8 g +iYm) .(1.2.1)

where 3; :b—%—ﬁj forj=1,2,...,r

= (X + )X +8, ) (x +8, ()80 + 920 ) () + 8 s P +92)  (20)
Since B’s are one of a’s so
Re(Bj)< b—% forj=1,2,..,m.

.8, >0 forall i occuring in question. So each term occurring in (1.2.1) is positive except possibly for an. So if
0(x) = (+ 8 ) (X +-8, N2 + 25,1 + (52 + 7200 X% + 20y + (522 +v2)).
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Then each coefficient in g'(x) is positive and no term is missing in g'(x). So all the terms in g(x + b—%) have the same
sign and no term is missing.

Now, the coefficients of g(x +b —%) are strictly alternating.

ot o

If we take t = %,then

lg(b — 1) < [g(b)|

from the given conditions for f(x), these conditions also hold for g(x) that is
glb-1) e Z[x]and g(b-1) =0,

it follows that |g(b — 1) > 1 and |g(b)| > 2.

Thus

< foranyt>0.

Similarly we get |h(b)|] > 2 which gives us a contradiction to the assumption that f(b) = h(b) g(b) is a prime. So our
supposition that f(x) is reducible, is wrong. Hence f(x) is irreducible in Z[x].

n
Theorem 1.3 : Let f(X) = Zakxk, € Z[x] be a polynomial with a, > 0, a,.;, > 0 and a,, > 0.
k=0

Let m = maxi. {M} forO<k<n-2.

an

w |k
w |

1 + .
2 54 54 g

r:1+\/m . :{s+x/sz—4] +[s—\/52—4]

where s = 27m+2. If there is an integer

b > maxi{—L ,r +l
V2?2
for which f(b) is prime and f(b — 1) # 0
then f(x) is irreducible in Z[x].

Proof : Firstly let us consider the set

A= {Ze C ‘Re(2) < maxi{%,rZH :

In this theorem, we first prove that all zeroes of f lie in A by proving that |f(z)| > 0 for z € A°, the complement of A and
then we will apply theorem 1.2 and get the required result.

Now since ry = #21 since m > 0.
= rh=>1
and r1=1+ y4m +1
2 2
1 dm+1
= Mh——== .
2 2

Squaring both sides, we get

1)2 4m+1
I’l—— =
2 4
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» 1 dm+1
4
1
= n-n+—=m+-—
4
2 _
= Z—r-m=0

Thus ry is a positive zero of X2 —x—-mand x>~ x—-m>0forx>r,

1 1
. {s+\/sz—4r+[3—\/sz—4r+l
.=

54 54 3

where s =27m + 2 and m = max. {M} forO<k<n-2.
an

Sinces=27m+2, m>0

= s>2

2
Setx = StVs -4 . Then x >
54

w |
w |

1

1
Now s—vs® -4 ° _ s—\/52—4xs+\/sz—4 3
54 o4 s+vs2—4
) )]

4 X5 —[s?-4)
54(s+\/s2 —4)

3

4

54(s ; \/sz——4)

2

27(s+\/sz_—4)

w |-

54

729(s+\/82——4)

1
1 54 8
9 |s+ys?-4

1

9x

1 1
rh=X+—+=
9x 3
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1 1 1
Letf(y) = y+—+= wherey>=.
W=y oy 3 y=3

1 1
Then f'(y)=1-—>0 fory> =.
(y) oy y= 3

f(y) is an increasing function of y.
1 1
+

1
fory==,f(y)= = + =
y=3 V) 3 3

=1

r,>1forx=

Wl W

ie.rp>1fors=27m+ 2.

Let A° be partitioned into two sets A° N B and A° ~ B® where
B={Ze:Re(z)<0or|z|<r}

Letz € A° N B Then (|z - |z| - m) > 0 since |z| > ry.

o il

z7
ya
:Re—2
|z]
1 >
= —Re(z)
[z]
1
= Reg = | >0
z
f2)| la, ayz a ,z" .
and (n) 2 1n ..... = =
z "z z z
a a
=2+ 2+ A e
2" z
a 1 la
:an+ n—l+z| n—llzl
z 5z
1 ia K
<la, + 1= o=
K
4 k2l Z|
n
any |
>la. + n-1 ZI n—-k
K
k2 |Z]

z k=2
a < ma
>Re(an+ "1j—z n
z Slz
ang - 1
=Re a, + —(ma,) Y —
z k2l Z|
a 1
=Re a + ”1J— R
(“ z "zl 1zP
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=
=

[z]" —|z]
n rznan ( RE[lj > Oj
[z|” —|z| z
a-n Z|2 |Z|_ - c c
= 5 >0 sinceze A°nB
[z]" —|z]

f(z)| = 0 forz € A° N B®
|

f(z) z0forz e AN B°

In second case, letz € A~ B thenif z € A°.

Re(z) > maxi. {r—l rz} >0andifz e B= Re(z) <0or|z| <r. But Re(z) < 0 not possible so |z| < ry. Since any

=
V2
complex number z can be written as
z=r(cos@+isin®) where —n<cosO<n
Now zeB=Re(z)<n, ie, r<n
r I
ze A°=Re(z)> - e, r>=2
@) B >
|
,COSO>rcosO>—
' J2
= cose>i
J2
= o< <.
4
= larg. z| < z
' 4
Since Re [lj:% Re(z)
z) |z|

Replacing z by 7%, we get

2

7 4

|z |* r

. T
since |0|<—.
4

s+@}

Wl
W

54 54

Now r, :[

2
Re[ijz 1 Re(zz)zr coszezc0526>
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1 1
2 3 [.2 3
= r2%2a+bwherea:{$] andb:[u} .

Cubing both sides, we get

[rz —%T =(a+b)’

= r23—i—3r2.1 rz—1 =a+b®+3a’b+3ab?
27 3 3
- r23—2—17—r22 %:a3+b3+3ab(a+b)
1
s 1 5, 1, s+vs?—4 s—+s?—4 [s+ys?-4
= r,——-—ry +== + +3
27 3 54 54 54
1
sVt -4 (1
54 > 3
2 _ 3
= rf—i—rff+r—2_i s - s* 4
27 3 27 54 x 54
_ s
27 54><54
s
- ¥ AR =
27 9( 3)
27 3 9
3 1 21 s n 1
-+ =

Iy + B— = —
27 3 27 3 9
3 rz_ S 1 1

= Iy — = — - —
22797 9 27
_s-3+1
27
-2
= 572 _ . (given
57 (given)
= F-rZ-m=0.

Thus r, is a root of the equation

x*—x*—m=0thatisr, isazero of x> — x*— m.

f(z a a a a
—(n) =2+t a2l g
z 2"z z z
2o
z° k=3 Z)
> la, + nd an_ 2| Zlan n
z 22| &z
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[\

ang an—2|_ - ma,
SRR pP WPy

j_iman

K
k3l Z|

= Re(a,) + a,1 Re (lj +a,» Re (%J -ma, . is + i‘l +os
z z lz|” |z|

ma
=a,+a,, Re [l) +a,, Re (izj - 3—"2
z z lz|"—|z|

ma

_ " “n
|z[ ~|z[
3 2_)
= anq|zz||3 ||Zz||2 M/ 0 since |z] >,
i:)>O
z

k
a a

> Ref a, + L+ -2
z  z

>a,

which is a positive zero of x> — x* 0 m and r, = 1 gives

= f(z)=0 for ze AN B.

Thus we have shown that all zeros of f lie in A by proving that [f(z)| > 0 for z € A°. Hence all the hypothesis of theorem 1.2
are satisfied for integer b which gives f(x) is irreducible in Z[x].

Remark 1.3.1 : We can note that theorem 1.3 does not depend upon the actual value of a,;.

Remark 1.3.2 : In the part of the proof of theorem 1.3 where z € A° n B, if we take z € B® only in place A° n BS, we get
that the result is true for this z i.e., [f(z)| > 0 for any z € B°.

Corollary 1.3.1: Letb > 2 be an integer and let B=1if b =0 and

= {(b—l)(Zb—l—\/E):l o &
2
where brackets are greatest integer function. Also, let a prime p be expressed as
n
p= Zakbk
k=0
where a,> 0, a,.1 = 0, a,., >0,

lad foro0<k<n-2
a,<B

and

n
and define f(x) = > a,x* .
k=0
If f(b — 1) = 0 then f(x) is irreducible in Z[x].

Proof : Because all the hypothesis of Theorem 1.3 except one are satisfied so to apply Theorem 1.3 we have only to show

that
. r 1
b>maxi. {—=,r, t+=.
{«/5 2} 2

Let I, and I, be the positive zeros of x* — x — B and x° — x* — B respectively.
Let us denote g(x) = x> — x — B. Now since m < B, we have
oo 1+4/4B+1 S 1+v4m+1
1= 2 =n
2 2

*

= no>r.
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We have already proved that

fly)=y+ gi +% is an increasing function of .
y

Also T, isa zero of x>~ x* - B.

. {s+\/52—4}3 [S—\/SZ—4]
and r, = + +=

5N
Wl

1
54 54
where s = 27B + 2.

Now since m < B.

s*:27Bt2227m+2:s
= S =S
1 1
s+s?—4 3< s +vs?-4®
54 - 54 '

Thus we have to show that b > maxi. {L *} + £ .

e
\/52

* o
r, isazero of X’ —x—B.

% is a zero of (\/Ex)z—(\/ﬂ)—B:ZXZ—@—B:h(x).

Now h[b—%)zz(b—%jz —ﬁ(b—%)—B.
J2

= %(Zb—l)z —7(2b—1)— B

_ 2b-1

5 (2b—1—x/§)—B>0 for b > 3 by definition of B. Also if b =2, h(b—%]>0,sinceB:1.

Thus h(b—%) >0 forb>2.
TSI
:(b—%f[(b—%j—l}—B
JGHICHE
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Forb:3,B:{i5_2—‘/§)}

<[5x1.8]
= B=8
2
g b_l = 3_1 3_§ -8
2 2 2
:E_g
8
:E>O
8

Now let b >3, Then b > 4 since b is an integer.

oo
=(b_£ﬂb_§j_(2b—1>(2b—1—ﬁ)

2

Il
VR
o

|

N |-
N

b2—2b+%—2b+1+«/§J

N, N~

Il
O/ﬁ\/?/_\
|
\ e
7 N T
o
N
|
N
o
+
|
+
N
N

Thus g[b—%j >0 forb>2.

Hence, we then have

1 o . * *
b—§>maX|.{ﬁ.r2} sincerp, >r, and r, >r,.

Thus all the hypothesis of Theorem 1.3 are satisfied. Hence by applying that theorem we get f(x) is irreducible in Z[X].

n
Corollary 1.3.2 : If a prime p is expressed in the number system with base b > 2 as p = Zakbk , 0 <a < b-1then the
k=0

n
polynomial Zakxk = f(x) is irreducible in Z[x].
k=0

Proof : In order to prove it, we shall prove that f(x) satisfies all the conditions of Corollary 1.3.1, that is
f(b-1)=0.

and %SBforOﬁkSn—Z.
n
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where B=1ifb=2

(2b-1)2b-1- \/E)}
2

if b>3

andB:{

where brackets are greatest integer function.

n
Now f(x) = > a,x*,a,#0, 0<ac<b-1
k=0

n
flb—1)= D a,(b-1)
k=0
>an(b—1)">0V b>2since all a,’s are positive and (b — 1) > 1.
Forb=2,B=1

Since0<a,<landa,#0

= a, = 1.

Also0<a<1=B

= a<B

= B > ay

So MSB for b=2
an

Letb > 3. Then

B = {(Zb_l)(Zb—l—\/E)}

2

(2b-1)2b-1-2)
2

Now >b-1

N (2b - 1) (2b—1—ﬁ)zzb-2

2b-2
o 2b-1-+2 >
2b-1
which holds if
2b-1-+2 >1.

orif 2022+ 42

which holds if 2b > 4
= b>2

ThusB>b—-1onlyifb> 2.

. a .
But in case b = 2, we have proved that la | < B sowetake b >3. Thusif b >3 then
n

2| <laJ<b-1<B
an

= |ak|SB
an

S0 2l g forp>2.
an

Hence, all the conditions of for 1.3.1. are satisfied so by applying for 1.3.1 we get f(x) is irreducible in Z[x].
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