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ABSTRACT

In this paper, we given the some properties of Schultz and modified Schultz polynomials and indices. Also, we find
Schultz and modified Schultz polynomials of two operations Gutman's (Formulas for Schultz and modified Schultz
polynomials of compound graphsG, <G, and G,:G,) for vertex- disjoint connected graphs ¢, and G,. The

Schultz index and modified Schultz index of two operations Gutman's are obtained in this paper and some results.
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1. INTRODUCTION

We follow the terminology of ([1],[2]). Suppose that G = (Vv (G), E(G)) is a simple undirected connected graph of order
p = |V(G)| and size q = |E(G)|. Then the distance d(u,v) between two vertices u,v e vV (G) is the length of the shortest

path joining u and v. For u e v(G), we use 3, to denoted the degree of a vertex u. Topological indices based on the

distance between the vertices of a connected graph are widely used in theoretical chemistry to establish relation between the
structure and the properties of molecules [3]. The Wiener index of G is defined as:

W(G)= 3 d(u,v).

u,veV(G)
Hosoya polynomial (also called Wiener polynomial [4] ) of G is defined as:

d(u,v)

H(G;x)= > X
u,veV(G)

Hosoya polynomial of a vertex u of G is defined as:

d(u,v)

H(u,G;x)= > x

veV (G)
uzv

Another based structure descriptors is Schultz index (or Schultz molecular topological index [5]), the Schultz index of a
graph G was introduced by Schultz [6]. The Schultz index is defined by:

Sc(G)= Y (8,+8,)d(u,v).
u,veV(G)

On based the Schultz index kiav zar and Gutman are introduced the Modified Schultz index (or Gutman index) [7] and it is
defined as:

Sc(G)= > (8,8,)d(u,v).
u,veV(G)
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In chemical graph theory, there are two important polynomials for these structure descriptors are Schultz polynomial and
modified Schultz polynomial of a graph G [5] are defined respectively as:

d(u,v)

Sc(G;x)= > (8,+38,)x ,

u,veV(G)
Sc(Gix)= ¥ (5,8,)x" "
u,veV(G)

Schultz and modified Schultz polynomials of a vertex u of c are defined respectively as:

d(u,v)

Sc(u,G;x)= Y (3,+3,)x )
veV (G)

Sc(u,G;x) = z(susv)x““'”,
VeV (G)
u#v

where the summation for all above are taken over all unordered pairs of distinct vertices in V(G).

In 2005, Gutman [8], find many relations between Hosoya, Schultz and modified Schultz polynomials of a tree graph and
some properties. Bo Zhou [9], find some lower and upper bounds for the Schultz index of a graph G. In 2013, Hassani et al.
computed the Schultz and modified Schultz polynomials of isomeres of C100 fullerene by GAP program [10]. The Schultz
index and modified Schultz index can be obtained by the derivative of Schultz and modified Schultz polynomials with
respecttoxat x =1, i.e.:

SC(G):—d Sc(G;x)| ,
dx x=t
and

" d -~ .
Sc(G) = —Sc (6;x)| respectively.
dx =t

Also, the Schultz index and modified Schultz index of a vertex u € v (G) can be obtained by the derivative of Schultz and
modified Schultz polynomials of a vertex u of G with respecttoxat x =1, i.e.:

d
Sc(u,G) = —Sc(u,G;X)| )
dx x=1
and

" d ” .
So (u,G) = —Sc (u,G;x)|_, respectively.
dx =

His paper [11] contains number of results on Schultz and modified Schultz polynomials of compound graphs obtained from
two binary operations of graphs. In [12], Behmaram et. al. obtained The Schultz polynomial of some graph operations,
therefore in this paper, we find the Schultz and modified Schultz polynomials of two Gutman's, also we given many results
auxiliary and completely.

Gutman [4] defined the compound graphs G, «G, and G, : G, as follows :
If ¢, and G, are vertex - disjoint connected graphs and w e V(G,) and z e vV(G,) , then G, « G, is the graph obtained

by identifying the vertices w and z. The compound graph G, : G, is the graph obtained from G, and G, by introduced a
new edge joining the two vertices w and z.

2

Remark: In this paper we consider the distance "d(u,v) " between any two vertices u and v of G are distinct vertices.

2. AUXILIARY RESULTS

Lemma 2.1: If G is a connected graph of order p and size g and u is any vertex of G, then:
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1. 8c(G;1) =2(p-1)q .

-

2.sc(G;1) ={4q° -
3.Sc(u,G1) =(p-
4, S*c(u,G;l)zau(Z
Proof: Obvious .

Lemma 2.2 [4] : If

Vz(s()su)z}/z.
26)5u +2q .
q-38,).
#

G is a connected graph of order p and u is any vertex of G then:

1. H(G) =p(p-1)/2.

2. H(u,G;l)=p-1

3. d—H(G;x)L:l - W(G) .

dx

d
4. —H(u,G;x)|
dx x=1

= W (u,G),where w (u,G) is Wiener index of a vertex u of G. #

Lemma 2.3: If v is any vertex of a connected graph G, then

d(u,v)
1L ys,x
veV(G)

uzv

=Sc(u,G;x)—8uH(u,G;x).

u,v 1 y
2. zsvx”‘ M= s (u,G;x).
6\1

VeV (G)
u#v

3.Sc(v,G;x) =38,(Sc(v,G;x) -3, H(V,G;x)) .

Proof: Obvious .

3. SCHULTZ POLYNOMIALS

Theorem3.1: Let 6, and G, be two disjoint connected graphs and let w be a vertex of G, and Z of G, , then

1. Sc(G,0G,;x) =S (G;x)+S(G,;x)- (3, +38,)H(W,G,;x)H(z,G,;x)

+

H(z,G,;x){8, +Sc(w,G;x)} + H(w,G;x){8, +Sc(z,G,;x)}.

2. Sc (G, :G,;x) =S¢ (G ;x)+Sc(G,;x)—-x(38, +3,)H(z,G,;x)H(w,G;Xx)

1+ x(1+3, -3, }H(W,G;x)+{l+x(1+35, -5,)}H(z,G,;x)

n
N

Proof:

1. sc(G,¢G,;x) =

+

+

x{1+ H(z,G,;x)}Sc(w,G;x)+ x{l+ H(wW,G ;x)}Sc (z,G,;X)
(2+38, +3,)x.

> (5, +8,)x "
u,veV (G, eG,)

viv")

> (5, +8,)x 4 > (5, +8,.)x"

u'u"eV (G, )-{w} v'v"eV (G,)-{z}
o d(w,u’) - d(z,v")
> (8, +3,+3,)x + > (8, +8,+38,)x
u'eV(G,)-{w} VeV (6,)-{z}
d(u’,v’)
> (8, +38,)x .

u'eV (G,)-{w}
VeV (G,)-{z}

d(w,u’)

(G, +8,)x M e Y, x

u',u"eV(G,) u'eV (G )-{w}
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+ > (8, + Svn)xd(v"v”) + >3, x )
v'\v"eV (G,) v'eV(G,)-{z}
+ Y (5, + 8VV)Xd(u"w)+d(z,v’) )
eV (G,)-{w}
v'eV (G,)-{z}
=Sc (G ;x)+8,H(w,G ;x)+Sc(G,;x)+3,H(z,G,;x)
+ 2 Z Bu,Xd(u'YW) Xd(z,v')
u'eV(G,)-{w} v'eV(G,)-{z}
+ z z 6V’Xd(u’,w) Xd(z‘v') .
WeV(G,)~{w} v'eV(G,)-{z}
=8¢ (G,;x)+3,H(w,G;x)+Sc(G,;x)+3, ,H(z,G,;x)
d(z.v')( d(u',w) d(u"w)[ d(z,v')]
+ XX {0 XX XX {0 Xd,x P
VeV (G,)-{z} [vev(e,)—{wy J wev(e,)—{wy [vev(e,) {2} J

Since ¥y 5 ,x""? =sc(y,Gix) -8 H(y,G:x) by Lemma 2.3 (1).Then

gev(e)
Sc(G,eG,;x)=Sc(G,;x)+3,H(w,G,;x)+Sc(G,;x)+35, ,H(z,G,;x)
+H(z,G,;x){Sc (W,G ;x) - 8, H(W,G;x)}
+H(W,G,;x){Sc(z,G,;x) - 8,H(z,G,;x)}.
Sc(G,eG,;x) =S (G ;x)+Sc(G,;x)-(3, +8,)H(w,G ;x)H(z,G,;x)
+H(z,G,;x){8, +Sc(w,G,;x)}+H(w,G ;x){5, +Sc(z,G,;x)}.

. . d(u,v)
2.5¢(G, :G,ix)= Y (8, +38,)x
uveV(G,:G,)
D S CIEE 10 T SR 3 IS I PO
uu"eV (G )-{w} VivIeV(G,)-{z}
+ >@P+3, +8u,)Xd(u',W)+ >+ sz+8v,)xd(w,z)
wev(G,)-{w} Vievi(e,)-{z}

1+d(v',z)

X @Hs, 8, )X e Y @+, +8,)x

u'eV(G,)-{w} v'eV(G,)-{z}

+ > (8, +38,)x
u'eV(G,)-{w}
v'eV(G,)-{z}

d(u',v')

+(2+38, +3,)x

d(u’,u” d(v',v”
= TG+, XM e Y (5, + 5, )x
uu"eV(G,) v'\v"eV (G,)
d(u’, (v,
+ ZX(UW)+ ZX(VZ)
u'eV(G,)-{w} V'eV(G,)-{z}
d(u’, d(u’,
+x(@+8,)  IxMax oy, xtm
u'eV(G,)-{w} u'eV (G )-{w}
d(v’, d(v’,
+x(@+8,) IxYTiax ya,x'
VeV (G,)-{z} VeV (G,)-{z}
d(u’, d(z,v’
+ X > ZSU,X(UW)X(ZV)

weV(G,)—{w} VeV (6,)-{z}
+ X > st,xd(u"w) xd(Z'V')+(2+8W +38,)x
weV(G,)—{w} v'eV(G,)-{z}
Sc (G,;x)+Sc(G,;x)+ H(w,G;x)+ H(z,G,;x)
+x(1+3,)H(w,G ;x)+x{S (w,G,;x) -8, ,H(w,G ;x)}

+X(1+38,)H(z,G,;x)+x{Sc(z,G,;x)-3,H(z,G,;x)}

d(v',z) d(u',w) d(u',w) d(v',z)

( | ( |
+X Y X 4 > 8,x b+ X > x { > 8,x b

VeV (6G,)-{z} [w'ev(6,)-{w} ] ueV (G,)-{w} [vievi(e,)-{z2) J

+(2+38, +3,)x
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=8c(G,;x)+Sc(G,;x)+H(w,G,;x)+ H(z,G,;Xx)
+Xx(1+3,)H(w,G ;x)+x{S (w,G,;x) -8, ,H(w,G ;x)}
+x(1+8,)H(z,G,;x)+x{Sc (z,G,;x)-08,H(z,G,;x)}
+xH (z,G ,;x{Sc(w,G ;x)-8, ,H(w,G ;x)}
+xH (w, G x){Sc(z,G,;x)-8,H(z,G,;x)}+(2+3, +3,)x.
w 8¢ (G, :G,;x) =5 (G,;x)+Sc(G,;x)—-x(8, +3,)H(z,G,;x)H(w,G;Xx)
1+ x(1+3, -3, YH(W,G;x)+{1+x(1+35, -5,)}H(z,G,;x)
+x{1+ H(z,G,;x)}Sc (w,G,;x) +x{1+ H(w,G ;x)}Sc(z,G,;x)
+(2+38, +8,)X . #

Corollary 3.2: If G,(p,.a,)=G,(p,.q,) =G(p,q) , and the identical vertices w and z of ¢, and G, respectively are
identical (let w = z = y ), then

1. Sc (G e G;x) = 25c (G;x) + 2H(y,G;><){8y +Sc(y,G;x)—ByH(y,G;x)} .
2.5c(G :G;x) =2Sc(G;x)+ 2xH (y,G;x){1+Sc(y,G;x)—ESyH(y,G;x)}

+2x{L+Sc(y,G;x)+ 38,3+ 2H(y,G;x). #
Corollary 3.3: The Schultz indicesof G, G, ,G,:G, , GeG and G : G are:

1" 2

1. Sc(G,¢G,)=5(G,)+S(G,)+ (p, -1)Sc(w,G,) + (p, -1)Sc (z,G,)
+{2q1 _SZ(pl _1)}W(Z’Gz)+{2qz _SW(pz _1)}W(W’Gl)
2. Sc(G,:G,)=5(G,)+Sc(G,)+p,Sc(w,G,)+p,Sc(z,G,)+p,(29, +1) +p,(2q, +1)
+{2(q2 +1)—8Wp2}W(W,Gl)+{2(q1 +1)—61p1}W(z,Gz).
3.5c(GeG)=125(G)+2(p-1)Sc(y,G) + 2{2q -8, (p-1}W(y.G) .
4. 5c(G:6G)=25(G)+2pSc (¥,G) +2{2(q +1) - 3,p}W (y,G) + 2p(2q +1) . #

4. MODIFIED SCHULTZ POLYNOMIALS

Theorem 4.1: Let 6, and G, be two disjoint connected graphs and let w be a vertex of G, and z of G, , then

2 1
l.Sc(G1 ¢G,;x)=Sc(G ;x)+Sc(G,;x)+(8,/8,)Sc(z,G,;x)+(8,/8,)Sc(w,G,;x)

+(1/8,5,)Sc(w,G,;x) Sc(z,G,;X) .

. . N
2. Sc(G,:G,;x)=Sc(G,;x)+Sc(G,;x)+

Sc(W,Gl;x)Sc(z,Gz;x)

w oz

1+@Q+38,)x ~ 1+(1+53,)x
+ ——— 5S¢ (2,6 ,;x) + ——Sc (W, G ,;X)
)

z w

+(1+38,)N1+3,)x.

Proof:
1. SC(Gl.Gz;X): Z(Buav)xd(U,v)
u,veV (G, *G,)
uzv
= z (Suyﬁu”)xd(u',U") + Z (av’Sv")Xd(v"v")
u'u"eV(G,)-{w} v v"eV(G,)-{z}
tOTAB, #8)8, R (8, +5,)8,
vev(e)-wy VeV (G,)-{z}

d(u',v')
+ Y (8,58,)x )
u'eV(G,)-{w}

VeV (6,)-{z}
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d(u',w)

= T8, XM e Y (8,8,)x

uu"eV (G,) u'eV (G,)-{w}
d(v',v") d(v',z)
+ Y (8,8,)x + > (8,8,)x
v\Vv"eV (G,) v'eV(G,)-{z}
d(u',w)+d(v'z)
+ 3 3 (5,8,)x :

ueV(G,)—{w} v'eV(G,)-{z}
=Sc(G,;x)+(8,/3,)Sc(w,G;x)+Sc(G,;x)+(8,/8,) Sc(z,G,;x)
+ Z E\)u,Xd(u"W) Z vaxd(v’,z) .

u'eV(G,)-{w} v'eV(G,)-{z}
=Sc(G,;x)+Sc(G,;x)+(3,/8,) Sc(w,G;x)+(5,/8,)Sc(z,G,;x)

+(1/8,8,)Sc(w,G,;x) Sc(z,G,;X) .

Corollary 4.2: If G,(p,.a,)=G,(p,.q,) =G (p,q) , and the identical vertices w and z of ¢, and G, respectively are
identical (let w =z = y ), then

1. Sc(GeG;x)=25(G;x)+Sc(y,G;x{2+

Sc (y,Gix)}.

2
y

*

*

2.5(G:G;x) = ZSC(G;x)+iSc(y,G;x){LSc(y,G;x)+ 21+ (1 + 6y)x)}+(1+ 6y)zx.
) )

y y

Corollary 4.3: The modified Schultz indicesof G,+G,, G,:G,, GG and G : G are:

1. Sc(G,eG,)=Sc(G,)+Sc(G,)+(2q,/8,)Sc(w,G,)+(29,/3,)Sc(z2,G,) -

2.5¢(G,:6G,)=5Sc(G,)+Sc(G,)+

2(1+ §
(z,Gz)+ﬂSc

z w

2(1 + i
20a) o)
)

2q1_8w
+——+2q9,(1+3,)+29,(1+3,)+1-3 35, .
8

z

3.5c(GeG)=2Sc(G)+(4/5,)qSc(y,G).

y 4
4, 5c(G:G)=2S(G) +
5

" 1+ - 2
gSc (y,G)+—q+ 49(1+8,) -5, .
5

y y

CONCLUSION

Finally, in this paper we managed to find the Schultz and Madified Schultz polynomials and Schultz and Modified Schultz
indices of compound graphs from G, and G, of two operation Gutman's (G,+G, and G, :G,), where G, and G, are
vertex - disjoint connected graphs. Also we obtain some result with respect to the Schultz and Modified Schultz
polynomials and Schultz and Modified Schultz indices when (6, =G,)=G .
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