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Abstract: In this paper, numerical techniques based on the CAS wavelets method is proposed of the numerical
solution for two-dimensional partial differential equations of higher order. We derived the general formula for n of
integrals to CAS wavelets analytically which called the operational matrix of integration, and we derived general
formulas for solving two-dimensional partial differential equations of higher order using two and three-dimensional
CAS wavelets method.

From application these formulas to solve two-dimensional non-linear coupled Benjamin-Bona-Mahony system, we
gained the numerical stability even when the step size used was large, still the results were satisfactory, and the
accuracy of the obtained solutions is quite high even if the number of calculation points is small, by increasing the
number of collocation points; the error of the solution rapidly decreases.

Keywords: CAS wavelets, Two-Dimensional Partial Differential Equations of higher order, the Operational Matrix,
BBM-BBM system.

1. Introduction

Wavelet analysis is a new numerical concept which allows one to represent a function in terms of a set of basic functions,
called wavelets, which are localized in space, it is used for solving difficult problems in mathematics, physics, and
engineering, with modern applications as diverse as wave propagation, data compression, image processing, pattern
recognition, computer graphics.[1]

In recent years, there has been an increase among scientists and engineers in the application of wavelet technique as well as
the numerical solution to solve non-linear problems, and in the numerical solutions of integral and differential equations.
The main advantage of the wavelet technique is its ability to transform complex problems into a system of algebraic
equations.[1]

The wavelets consist of a family of functions constructed from dilation and translation of a single function called the
mother wavelet. When the dilation parameter a and the translation parameter b vary continuously, we have the following
family of continuous wavelets:

2L (t-b
Yab (t) = |a| 2 1//(7), abeR, a=0, (D)

If we restrict the parameters a and b to discrete values which are
a=ay*,b=nbya,*,a, >1b, >0,
Where n and k are positive integers, then we have the following family of discrete wavelets

K

in(t)=laolz pfat -y @

Where y, ,(t) forms a wavelet basis for L*(%). In particular, when &, = 2,b, =1, then w, ,(t) forms an orthonormal
basis [4].

A few authors have studied the CAS wavelet in the numerical solutions. In (2006), Youse, S.A. and Banifatemi, A., [13],
have used the CAS wavelets to approximate the solution of linear integral equations. Also, in [2,3,5], used this wavelet to
solve optimal control systems by time-dependent coefficients, Volterra integral equations of the second kind, integro-
differential equations, respectively. Also, this method can be used to obtain the numerical solutions of the fractional
Fredholm integral equations [11]. In (2012), Barzkar, A., Assari, P., and Mehrpouya, M. A., [4], presented a computational
method for solving Fredholm Hammerstein integral equations of the second kind based on the CAS wavelets. The method
utilizes CAS wavelets constructed on the unit interval as basis in the Galerkin method and reduces the solution of the
Hammerstein integral equation to the solution of a nonlinear system of algebraic equations. In (2013), Mingxu Yi, et al.,
[9], studied Numerical Solutions of Fractional Integro-differential equations of Bratu Type by using CAS Wavelets. In
(2007-2009), Dougalis, et al., [6,7], studied the Boussinesq system of BBM-BBM type in two space dimensions.
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We organized our paper as follows. In section 2, the CAS wavelets and function approximation is presented. Section 3 we
will derive the general formula for the operational matrices for the CAS wavelets analytically. In section 4 derivation of
general form for solving 2D-PDE using CAS wavelets method. Section 5 we explain the 2D non-linear BBM-BBM system
and we use CAS wavelets to solve this system. Section 6 numerical results are presented. Concluding remarks are given in
section 7.

2. CAS Wavelets

CAS wavelets y, (x)=y(k,f,m,x) have four arguments; n=12,3,4,...2%, k can assume any positive integer, m is any

integer, and x is the normalized time. The orthonormal CAS wavelets are defined on the interval [0,1) by [4]:
k

van(X)=122 CAS (2" x—n +1) for ”zkl_x<2lk @)
0, otherwise
where
CAS,,(x)=cos(2mz x)+sin(2mz x), (4)

and me {— M,...,M } The CAS wavelets are orthonormal with respect to the weight function w(x)=1. For m=0, the CAS
wavelets have the following form:

X X 1 for —1 <X< -
Wno(X)=22 B, (x)=22 ok ok
0, otherwise

k
where {B, (x)}>_, are a basis set that are called the Block-Pulse functions (BPFs) over the interval [0,1].

Any function f(x) e L2 [0,1) may be expanded using CAS wavelets as [4]:

(0= Com Y (4 G

n=1 mez

Where C, ., =< f(t),w,(t) > are inner product.
If the infinite series in equation (5) is truncated, then equation (5) can be written as

2 M
F00=2 D Com¥am()=CT w(x), (6)
n=l m=—M
Where C and (x) are 2 (2M +1)*1 matrices given by

C= [Cl( M) CL(-M1)seeee LM 1 Co (M )seseeee € () ok jT

000 = s o) 00 ) O W (X2 ) O ) (e gy ()
For convenience, in numerical solution, we rewrite equation (6) as follows [4]:
Let i =n(2M +1)—M +m, then

2“(2m+1)
f (X) = ECI l//zk (ZM +1),i (X) ' (7)
i=1
Now, we define N-Dimensional CAS wavelets.

Definition: Any function f(X), X =(x;,X,,---,Xy ) be a n-time continuously and partial differentiable on the interval
I =[01]x[02]x...[01] in RN and bounded on each of these intervals, can be expanded by a CAS series of finite terms:

2kN My ok2 M, okt

Zk', (X)—Z Z Z Z Z z ng,mMg,Ny My .., Ny, My CASnl,ml(Xl)CASnz,mz(XZ)'“CASnN,mN(XN) (8)

ny =1 my=-My n,=1 my=-M, =1 m=-M,

where Cj i k.. in.ky ar€ the CAS coefficients defined by:
11
Cop oy ey, = “ f F(X{, X100 Xy JCAS, 1 (X[ )CAS, 1 (x5)... CAS, o (i )] dxp ... dxy 9)
O 0
N —tims

and CAS,, , (xi ) i=12,---N, are the CAS wavelets defined in equation (3).
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3. Analytical Integration of CAS Wavelets

In this section, we derive a general formula for n of integrals for the CAS wavelets defined in equation (3) analytically;
these integrations, in turn, can be used in the numerical solution of differential equations of higher order. The CAS
wavelets is defined in terms of trigonometric functions whose integration is periodical.

If we integrate equation (3) from (0) to (x), we obtain

X
Pyt om0 00 = [ Wi (X) X’
0]

Then
0 0<x< _kl
2
k
22 2k+(sin(27rm(2kx—n +1))—cos(2;rm(2kx—n +1)))
m n-1 n
PZK(2M+1),1(X): % 3 ok SX<2_k
- ok
LT 2 ., n
2 i Al —2 ot .
{2 m(sm(Z;rm) cos(2zm))-2 Sr— -<x<1
Repeating the integration n times, we find
n-1
0 0<x< PT (10)
k o,
( ) cos(Zn-m(Z x—n+1))+ 22 ivsin(Zn-m(zkx—n+l))
(2k+17z_ ) (2k+1ﬂ_m)
Pv(x) ) )
S5 1 (o n-1\" n-1 n
- TR AR K SX<x¢
=0 2tz m) 2 2 2
1 j
zi( j . Lksx<l
— J! 2
k 3 v-1 Kk a, ii
22 cos(2;rm)+22 Y sin(2zm)— 22 (;)P[ikj b
2k+1 (2k ) = (2k+1 m) i 2
where
L it v=34781112,..
Y hh if v=12560910,...
and
b — 0 if v=1458912,...
YTl if v=23671011,...

The case v=0 corresponds to CAS function y,, , (X) in equation (3). In order to solve boundary value problems we

substitute x=B in equation (10). In certain cases where v=1, we find in interval x € [A, B]:

0 O£x<ni_l
2k
k
2t 2k+ (sin27z m (258 —n+1)-cos(2 7z m(2¢B - +1))
m n-1
02 () = Py o122 00 = K — SX<—
2 -1 2 2
T
L Koo ]
{22 T C@rm)-es@rm )22 D oxat
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4, General Two-Dimensional Partial Differential equation of Higher Order
Two-dimensional partial differential equation of higher order can be considered as follows [12]:
F(x*,y*,t,u,Du,Dzu,...,D“ﬂ“"u): f (X, Yoo 1),
Ay (x, y. 1) 11)
ot oxl oye
such that f (X, y«,t) is known function or constant.
The independent variables t, x. and y. belong to the domain €2; t €[A;, B} X« €[A;,B,} and y. e[A;,B;] which has

Dﬂ.+/3+au —

the boundary O We have to calculate the function u(x«, y«,t) which satisfies the required initial and boundary
conditions.

4.1 Derivation of General Form for Solving 2D-PDE Using 2D Wavelets Method

The solution adopting the 2D CAS wavelets method starts by dividing the time interval t e [Al, Bl] into N equal parts of
length At=(B, —A)/N and let t; =(S—1)At,s=1,2,....N

Since the wavelets are defined for x,y € [0,1], we must first normalize with regard to x. €[A,,B,] and y. e [Aq, B]
changing the variables as follows:

X:LL(X*_Az) ) LX:BZ_AZ’

X

1
y:L—(Y*—Aa) » Ly=Bs—Ag,
y

We divide the space intervals x €[0,1],and y €[0]] into M, and M equal parts. We assume that the solution could be
in the form:

a(l+ﬂ+a u(x, y 1) M; M,
_ Cii Y00 12
ol oy ;; i W00 ¥ () (12)

where the elements C; are constants in the subinterval t € (ts ,ts+l], Wi (t)and ‘¥;(x) are defined in equation (3).

Integration (12) A —times in relation to (t) from ( )to (t), we obtain

J.§ Sy i | S5 oo

t, 1=l j=1
A—times A—times
Then
a(ﬁ+a)u X, y,t t— t l M; M, ||+ﬁ+a u(x, y,t

U0 () S gy 3 At ST UG ) 13)

Ox” 0y O = o (u) o' ox” oy
by integrating equation (13) S —times with regard to (x) from (0) to (x), we obtain
a@u(x, y ) _(t-t) Y & & xii glivaly(o, y,1)
P Cii P i) ¥ (y)+ = S
oy (4)! .21:,2 e ;J(H)’ oxJ oy (14)

Z(t_t || (||+a)u(x y,t.) Z(t_t || p-1 ¥ i a(l|+”+a u(0, y,t.)
(in)! at" oy” (i LU at" ox ey
Integrating equation (14) « —times with regard to (y) from (0) to (y), we obtain

M; M,
O T g;c 1 Pp; 0O P, .(y)+§(“';,a(")”f$°’t)
f xi 5UDy(o, y,t) 7%}‘ x Ji azly_ll 2Ui+My (0,0, 1) (15)
=GN oxd £ UDT = aDt ox oy
LSt 2Wu(x, y.ty) et SRyt 20 Mu(x,0,t,)
= G at" e (i) &= an ot oy
_Sh et S8 ) 20U, v t)
= G £ D! ot ox
—1

A1 7ts)ii Vs x i og=t y" a(ii+jj+ll)u(0,0,ts)

Q "
"2 Gt LG = D! ottt ox i oy
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In this formula, the integrals P, ;(x) and P,,(y) are calculated depending on the equation (10). The other terms in

equation (15) are calculate from the initial and boundary conditions and according to the type of the initial and boundary
conditions.

4.2 Derivation of General Form for Solving 2D-PDE Using 3D Wavelets Method

The solution of the general form of 2D-PDE (11) by the 3D wavelets method starting by normalizing with regard to the
time interval t. e [A;, B, ] and the space intervals x. € [A,,B,] and y. €[Aq, B;] assuming that:

1 1
t:L—(*—Al), v Le=Bi - A, X:L—(X*_Az) v Ly=By - Ay,
t X
1
y:r4w—%),1w=%—%,
y
Later, we divide the time interval t<[01] and the space intervals x <[01], and y e[04] into M,, M, and M, equal

parts, respectively.
We assume that the solution as follows:

a(/“ﬁ‘*'a u(x, y,t) My M, M,
ol Zl;Zlc 1 W0 W00 ¥ (), as)

where the elements C; ;, are constants.
We integrate (16) A —times with regard to (t) from (0) to (t) we get:

- U(X ISR P00 )+ S 2y 0 (a7)
1=l j=1 i=1l . 4 4 ii=0 (“)I atii 8Xﬁ aya
By mtegratlng (17) p—times with regard to (x) and « —times with regard to (y), we obtain
My M, M, a-1 y" 6(")u(x,0,t)
U6 Y, =D Y > Cijy Pui®) Py (O P (1) + D 2 2
I=L j=1 i=1 i (ID)! oy

& xi alily(o, y, 1) gixﬂ & y" aliy(0,0,1)

+qur ox k&un”dm! wﬂ@" .
i (")! A @I o
) -1 (t)ii i}‘ xI 3 i+ i) u(O v,0) N -1 (t)u g2 i et y" a(ii+jj+|| u(0,0,0)
SN atexV = (D= AN et ox Y oy"
5. Application of CAS Wavelets Method for Solving Non-linear 2D Coupled Benjamin-Bona-Mahony System

In this section, we apply the CAS wavelets method for solving non-linear coupled Benjamin-Bona-Mahony (BBM-BBM)
system which has the form [10]:

n. +VNV+V.pV-bAn, =0

1 19
\&+vn+5vwf—dm¢=o 49
for X« =[X«,y+]1€Q, t« >0,where Q is a bounded open set in IR?, the initial data:

U(X*,O) = 770()(*) ) V(X*,O) :Vo(X*) t* > O y X* S aQ (20)
and zero Dirichlet homogenous boundary conditions [10]:
U(X*,t*)zo y V(X*,t*)zo t*ZO y X* E@Q (21)

Since the wavelets are defined for x € [0,1], we must first normalize the system (19) and the initial-boundary condition (20)

and (21) with regard to X. =[x, y«] and the domain € =[Xin » Xrrax ] [Yirin » Yimax ]» We change the variables:
1 1

X:L_(X*_Xmin) ) Ly = Ximax — Xmin ’y:L_(y*_ymin) ) I-y:)/max_Ymin
X y

then the system (19) become
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1 1 1 1 1 b b ~0
77t+L_xux+L_yVy+_X77UX+L_X77XU+L_y77Vy+L_y77yV_L_i77xxt_L_inyyt_

1 1 1 d d (22)
U +— —UUy +—VVy ——U,, ——U,,; =0
t+LX 77x+LX x+LX X Li XXt Li yyt
v+177+1uu+1vv dv dv 0
t T T T T2 [ t =

, y L, y L, y sz XX Lzy vy
with the initial and boundary conditions:
n(X,00=7,(X) , V(X,00=Vo(X) t =0, Xed (23)
n(X,t)=0 , V(X,t)=0 t >0 , XeoQ (24)

we have two cases in solving the system (22):
5.1 Case 1:

In this case, we use 2D CAS wavelets method to solve BBM-BBM system by comparing the system (22) with the general
form of two-dimensional PDE (11), we substitute #=a =2 and A =1 in the equation (15), and obtain
Mz M,

Ul Y, ) = (E—t) D> Cji Paj () Py () +u(x, y,ts)

1=l j=1

+y (uy (x,0,t)—u, (x,O,ts))— y (uy (0,0,t)—u, (0,0,ts))

- x(ux (0,0,t)—uy (0,0,ts))+ X (ux ©O,y,t)—u, (O, y,ts))

—X y(uXy (0,0,t) —u,, (0,0,ts))+ (u(x,0,t) —u(x,0,t5)) (25)

+(u(0,y,t)—u(0,y,ts))—(u(0,0,t)—u(0,0,t5))
Taking x=1 and y=1 at the boundary condition, we get

Mz M, Mz M,
(Y.t = (E=t) D D Ciy Poj () Poy (V) = x(t—t) DD Cjy G2 (i) Poy (¥)
=1 j=1 =1 j=1
I\J/I3 M, JMa M,
—Y(t—t) D > Ciu Po () az () +xy (t—t) DD Cjy d2(i) a2 (1)
(=T = =1 j=1
+u(X, ¥, ts) + (- yXu(x,0,t) —u(x,0,t;)) + (L — xu(0, y,t) —u(0, y,t,)) (26)

—(1-x=y+xy)u(0,0,t)—u(0,0,t;))+ x (U, y,t) —u(, y,t;))
—x(@1- y)u@0,t) —uL0,t5))+ y(u(xLt) —u(x1t))
—y(1-x)uO,Lt) —u(0Lty))-xy (U@L t) —u@lty))
where Q2(j)=P2,j(1) j=12,---\M
Similarly, we find 7n(x,y,t), v(x,y,t) by the wavelets form with changing the coefficients C;, to the coefficients E;
and D;, inregard to 77(x,y,t) and v(x,y,t) respectively.
Now, we substitute u(x,y,t), n(x,y,t), and v(x,y,t) with their derivatives in the system (22) and divide the domain
Q= [O,l]x[O,l] into collocation points M, and M5 equal parts:
r:m' r=12,---\M, yk:w, k=12,---,M,
M 2 M 3
and replacing t by to,, , At =t ,, —t; the system (22) becomes:

MS 2 M3 2
Z Ejl Rﬁl,?,r,k +ZMZCJ,I Rﬁﬁ),r,k +ZMZDLI Rﬁ),r,k = F(l)(r,k,s),

e e 10, o

ZZE RJ4Irk ZZ ﬁrk"‘ZZD lerkzF(Z)(r'k’S)’ 27)
1=0 j=0 1=0 j=0 1=0 j=0

M; M, M, M, M; M,

ZZ Jlrk ZZ j|l’k Zz Jlrk:F(s)(r7k’S)’

1=0 j= 1=0 j=0 1=0 j=0
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where se{1,2,---,N}refl2,--- M,k e f1,2,---,M,} and

R [P0 % 020) 000 o000 i 00 3r) 5, a5 1))

X y

R =R =25 (R (3. 0) = a2 (D)(P (1K) - yic a2 (1),

X

R =R =25 (P2 (3.1) = %, a2 (D)(P(1,6) ~az (1),

. . d .
Rﬁ),r,k = Rﬁ),r,k :(Pz(l-r)_ Xy Q2(J)_L_2‘P(J-r)](P2(lvk)— Yk Q2(|))
d . .
_L_Z(PZ(Jrr)_Xr a2 (i)w(, k),
y
Rﬁ),r,k = Rﬁ),r,k =0,

Fi(r k,s)=Fi(X,, V. ts ).

F2(r.k,s)=F,(x,, yi.ts),

F3(rk,s)=Fa(Xr, yi.ts)

note that

0 (P)=Py;@ P(G.1)=W;(x) R(ir)=Rjlx)  i=12--My r=12--M, v=12
and

Fo (0 Y08 = T (700 Y18 DU, (X0 ) 4 77, (X Y 8K ¥ 85))
T2 (00 Yty (% Y1) 77 (X V1t VX i)
y
—(@=y)7 (x0.0) + 0= x)77 (0, y, ) =@ = x =y + x y)7 (0.0, 1)
+ X770 (LY, 1) = X(L= )7 0, 1) + y 7 (x1,0) = YL = )77 (0L, ) — x y 77, (LL 1)

le Uy (X, Yo ts) + @ — yNuy, (X,0,1) —u, (x,0,t5))— (u(0, y,t) —u(0, y,ts)) (28a)

+(@—y)(u(,0,t) —u(0,0,t.))+ U@, y,t) —u y.t;))— @ — y)(u@0,t) —u(.0,t,))
+y Uy (XLt —uy (xLt5))+ y (u(0.14,t) —u(0Lty))—y (U@Lt) —u@Lty))

- Li (Vy (X, Y, ts) — (V(%,0,8) = v(%,0,t,)) + (L — x)(v, (O, y, 1) — v, (O, ¥, t,))
y

+ (@ —x)(v(0,0,t) —v(0,0,t5)) + x (vy @y.t)—v, @yt ))+ x(v(@,0,t) —v(1,0,t,))
+(v(xLt) —v(x,1,t5))— @ — x)(v(0.4,t) —v(01,t;))— x (V@LLt) —v(@lts))

+ fz (@ — ¥) 77500 (.0, 1) + Y 77,0 (X1, 1)) -+ L12((1— X) 771 (0, ¥, 1) + X177, (@, Y, 1))
X y

Fo (0 ¥11) = 0 (U0 Y. DU (X, Yits) + VX, Y1tV (X, 318s)

— (= y)u (x,0,t) + 1= x)ue (0, y,t) — (L= x— y + X ¥)u (0,0,t)
+xu, @, y,t) — x(@L— y)u, (4,0,t) + yu, (x,1,t) — y(L — x)u, (0.1, 1) — x y u, (1,1,1))

fLi(nx (%, ¥stg) + (L= y X2, (%,0,8) = 725 (%,0, £ ) — (7(0, y, t) — 12(0, v, ) (28b)
+@-y)(#0,0,) —77(0,0,t))+ (7@ y,t) =@ y,ts))— @— y) (@0, t) — 7(10,t,))
+ ¥ (7, (XL 1) — 7, (XL 1))+ y (701, 1) —7(0Lt)) -y (n@Lt) — (AL t,)))

+ %((1— Y)Usee (X,0,) + YU (XL, 1)) + Ifi—z((l— X)Uyy (0, Y, 1) + XUy (1, Y, 1))
X y

Fa(x,y,0) = E—l(u(x‘ Yituy (X% Y, 1) + V(X Y, t)vy (X, y.t))

— (@ y)v (x,0,t) + @ = x)v (0, y,t) =@ — x — y + x y)v{ (0,0,1)
+ XV @y, 1) = x@— y)v @0, 1) + y v (xL,t) — y(L— x)v, (0,Lt) — X y v, L1 1))

- Li(ny (%, ¥,t5) = (7(%.0,0) = 7(%,0, )+ 0= Xz, (0, y,1) =17, (0, y. ;) (28¢)
y

+ (L x)(7(0.0,t) = 7(0,0,t,)) + x (7, (L y. 1) = 77, (L, ¥ t))+ X (7(LO,1) — 71,0, ))
+(n(x1,1) = 7(xLt)) = L= x)(HOL) - 7(0Lt)) - x (7(LL1) —7@LL))
d d
7 (@ Y)Y (00 + Y Vg0 (L D) 5 (L= )V, (0, 8) XV (1, Y, 1)
X y
We transform the system (27) from the fourth-order matrices into a second-order matrices as follows. To simplify the
calculation, we take M, =M; =M.
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Let 7=M(j-1)+i , u=M(r-1)+s
Now, the system (27) leads to the following:

3M?
DSk m)B(n) = Fu), for 1<u<3m?

Now, we get the following system of linear equations

S-B=F (29)
Here B and F are 1x3M 2 vectors and S is a (BM 2)>< (SM 2) matrix defined as follows:

B= [Bl B, BJ '

F= [Fl F, FaIr )
S Sy S
S=|S, S5 Sg
S7 SS S9
After solving the linear system (29) and finding the wavelets coefficients E” ,C” and Dj’| , we find the solutions for
n(xy,t), u(x,y,tyand v(x,y,t) from equation (26).

5.2 Case 2:

In this case, we apply the 3D CAS wavelets method for solving non-linear BBM-BBM system (22) by using equation (18)
with the boundary conditions at x=1, y=1, we obtain,

M; M, M, M; M, M,
UG Y ) =D D D Cin PLi(®) Pa 00 Py (D) =X D DD Cijy Pri(®) a2 (§) Poy ()
I=1 j=1 i=1l 1=1 j=1 i=1
'\J/|3 M, M, jl\/|3 M, M,
YD DD Ciia Pi® P 0 d )+ xy DD D Cipy PL® a2 (i) a,(1)
1=1 j=1 i=1 1=1 j=1 i=1
FUC Y0 + (- YU, D)~ U(x,0,0))+ (L - xXu(0, y, 1) - u(0,,0)) (30)

—(@1-x—-y+xy)u(0,0,t) - u(0,0,0))+ x(u@ y,t) — u(, y,0))
—x(1- y)(u@,0,t) —u(1,0,0))+ y (u(x1t) - u(x10))
—y(@-x)(u(011) —u(10)-xy (U@l t)-u@Lo))

Similarly, we find 7(x, y,t) and v(x,y,t) with changing the coefficients C; ;, to the coefficients E; ;; and D; ;, with
regard to 7(x,y,t) and v(x,y,t), respectively.

We substitute u(x,y,t), n(x,y,t), and v(x,y,t) with their derivatives in the system (22), and divide the domain
=[0.1]x[02] and the time interval t < [0.1] into collocation points M, M,and M, equal parts in the following manner:

ts=(8;/|7[1.5)1 §=12,--, My Xr=(r,\_/|702'5), r=12,--,M, and yk:(k,\_ﬂiz's)' k=12,--,M,

Then

Ms M, M, M M, M, Ms M, M,

ZZZE' jl R|Jlsrk +ZZZC| jl RI]|SI’k +ZZZD|1I RIJ|Srk _F()(r'k’s)'
I=1 j=1 i=1 =1 j=1 i=1 I=1 j=1 i=1

Ms M, M, Ms M, M, M3 M, M,

ZZZE' jil lelsrk +ZZZC' jul lelsrk +ZZZDIJI R|Jlsrk _F( )(I’,k,S), (31)
1=1 j=1 i=1 1=1 j=1 i=1 1I=1 j=1 i=1

Ms M, M, M; M, M, Ms; M, M,

ZZZEI il lelsrk +ZZZCI il lelsrk +ZZZD|1I RIJlSI’k (3)(r,k,s),
I=1 j=1 i=1 I=1 j=1 i=l I=1 j=1 i=l

where se {1.2,-- M }refl,2,--,M, },k € ,2,---,M;} and
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8 108 i), 00 1) (300, )

X

~ i, 5)(P, (1)~ %, 0 () ¥ (1, K),

Ri(,zj),l,s,r,k = Ri(,4j),l,s,r,k :Li Pu(i,s)(PL(i )= 4z (D))(Po (1K) = i a2 (1))

X

Ri(,sj),l,s,r,k = Ri(,7j),l,s,r,k :Li P, s)(Po(J.r)— %, a2 (3)) (P (1, k) - a5 (1)

: . . d .
Ri(,sj),l,s,r,k = Ri(,gj),l,s,r,k :\P(I' S){PZ(J' r)_ Xp qZ(J)_L_z‘P(J' I’)J (PZ (|, k)_ Yk q2(l ))
d . . .
_L_Z‘y(hs)(Pz(J: r)— Xy %(J))L}’('x k),
y
Ri(,ej,l,s,r,k = Ri(,sj),l,s,r,k =0,

Fi(r.k,s)=Fi(x, yit )
F2(r,k,s)=Fp(X,, Yy ts ),
F3(r,k,s)=F3(x,, yi.ts),
It is clear that the wavelet coefficients Ei,” ,Ci’j’, and Di’” can be obtained by solving the linear system (31). For

simplicity, we take M; =M, =M4 =M and transform the system (31) into a form with second-order matrices in the
following:

n=MP(j-)+M1-D+i , #=(M)*(r-1)+M(k-1)+s,

Now the system (31) can be rewritten in the following form:
3m3

D S()B(7)= F(u) for 1<u<3M?,

n=1

which results in the following system of linear equations:

S-B=F (32)
where B and F are 1x3M* vectors and S is a 3M ® x3M 2 matrix. Solving the linear system (32) and finding the wavelets
coefficients Ei,“ ,CL” and Di’j’, , we find the solutions for 7(x, y,t), u(x,y,t)and v(x,y,t) from equation (30).

6. Numerical Experiments:

In what follows, we present the results of two-dimensional BBM-BBM system (22) which has been used in studying of
Tsunami wave generation and propagation. The significance of studying the propagation of a Tsunami wave Back to being
from the complex phenomenon’s and its natural disasters which represent a major risk for populations..

We present a series of numerical experiments aimed at checking the accuracy of the numerical scheme which was derived
in the previous sections and illustrating the behavior of the solutions for the non-linear system with the error norm J [8]:

L

num 2

J

S :i exact _ num exact _
N

u j

u u u

e

we took zero Dirichlet homogenous boundary conditions for 77,u and v on the whole boundary in the square [0,1]x[02]
with exact solutions: [10]

n(x,y.t) =e'.sin(z).(y -1).y
u(x, y,t) = e'. x.cos(3zx/ 2).sin(zy)
v(x, y,t) = e' . sin(x).cos(3zy / 2).y

Table (1), show a comparison between the exact solutions and the numerical solutions using the 2D and 3D CAS wavelets
method.
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Table (1)

Numerical Solution of Two-Dimensional BBM-BBM system using CAS wavelets method when b=1/6,d =1/6 ,

X

0.05
0.15
0.25
0.35
0.45
0.55
0.65
0.75

y
0.05
0.15
0.25
0.35
0.45
0.55
0.65
0.75

At =1/M,
2D CAS 17y (%, Y1)

-7.45835101e-003
-5.80395857e-002
-1.32844676e-001
-2.02928978e-001
-2.44522533e-001
-2.44418198e-001
-2.02616706e-001
-1.32483262e-001

t=0.95.

3D CAS 17yym (% Y1)

-7.45763003e-003
-5.80475826e-002
-1.32839774e-001
-2.02902500e-001
-2.44505063e-001
-2.44373968e-001
-2.02558146e-001
-1.32435003e-001

M Exact (X’ Y, t)
-7.43769954e-003
-5.79388044e-002
-1.32708534e-001
-2.02896644e-001
-2.44685204e-001
-2.44685204e-001
-2.02896644e-001
-1.32708534e-001

0.85
0.95

0.85
0.95

-5.77885793e-002
-7.41817542e-003

-5.77416020e-002
-7.40892604e-003

-5.79388044e-002
-7.43769954e-003

X

0.05
0.15
0.25
0.35
0.45
0.55

y
0.05
0.15
0.25
0.35
0.45
0.55

2D CAS Upym (% y,1)

7.62788736e-003
5.19074537e-002
6.77355540e-002
-2.47269467e-002
-2.32950600e-001
-4.64186430e-001

3D CAS Upym (X y,1)

7.62818181e-003
5.19228575e-002
6.77933207e-002
-2.45382925e-002
-2.32758043e-001
-4.64085376e-001

u Exact (X, Y, t)
7.61283717e-003
5.18317794e-002
6.77138100e-002
-2.44909034e-002
-2.32450306e-001
-4.63618740e-001

0.65
0.75
0.85
0.95

0.65
0.75
0.85
0.95

-5.78477612e-001
-4.90809080e-001
-2.50977512e-001
-3.47378613e-002

-5.78521389¢e-001
-4.90939033e-001
-2.51036388e-001
-3.47353334e-002

-5.77917662e-001
-4.90426796e-001
-2.50854956e-001
-3.47259295e-002

X

0.05
0.15
0.25
0.35
0.45
0.55
0.65
0.75
0.85
0.95

y
0.05
0.15
0.25
0.35
0.45
0.55
0.65
0.75
0.85
0.95

2D CAS Vyym (X, 1)

7.62838205e-003
5.19107134e-002
6.77420861e-002
-2.47199244e-002
-2.32942337e-001
-4.64174478e-001
-5.78461379e-001
-4.90793719e-001
-2.50965506e-001
-3.47366745e-002

3D CAS Vyym (X, ¥, 1)

7.62867802e-003
5.19260226e-002
6.77989916e-002
-2.45338328e-002
-2.32754092e-001
-4.64080104e-001
-5.78512346e-001
-4.90927956e-001
-2.51025959¢e-001
-3.47340809e-002

VExact (X, Y, t)
7.61283717e-003
5.18317794e-002
6.77138100e-002
-2.44909034e-002
-2.32450306e-001
-4.63618740e-001
-5.77917662e-001
-4.90426796e-001
-2.50854956e-001
-3.47259295e-002

In Table (2), we compute the norm of the error J, between the exact solution and the numerical solution adopting the CAS
wavelets method with different values for Subdivisions wavelets M and k=1.

Table (2)

The error 6, for the numerical solution of the two-dimensional BBM-BBM system using CAS wavelets with

The
method

2D CAS

3D CAS

M o, for

n(x,y,t)
1.9428e-005
1.3152e-005
3.5259¢-006
1.4710e-006

=L
RN

At=1/2M,t=0.96875b=1/6,d =1/6,L, =L, =1.

0, for

u(x, y,t)
4.7788e-005
3.0403e-005
8.5844e-006
3.1699e-006

0, for

v(x,Y,t)
4.6768e-005
2.9790e-005
8.4392e-006
3.1087e-006

In figure (1), the maximum error for 77 —wave , which approximates the last time t=1, to illustrate the impact of error

accumulation on the solution by 2D CAS wavelets method.
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error

¥ 0 o

Figure (1): The maximum error at t = 0.9375 by using 2D CAS wavelets method.
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Conclusion

In this paper, we develop an accurate and efficient the CAS wavelets method for solving two-dimensional partial
differential equations of higher order. The benefits of the wavelet approaches are sparse matrices of representation, fast
transformation, and possibility of implementation of fast algorithms.

We derived the general formula for the CAS wavelets to find the numerical solution for two-dimensional partial
differential equations of higher order and applied this formula to solve the non-linear BBM-BBM system. It’s worth
mentioning that the wavelets solution provides excellent results even for small values of (M and k) as note in Table (1).

Also when 2" (2M +1)=36, pX (2M +1)=44 , ..., we can obtain the results closer to the exact values. For two-
dimensional system, when the values M and k are not sufficiently large value, this means that At is not sufficiently a small
value which is equal to 1/2% (2M +1), we obtained more precision by the 3D CAS wavelets than 2D CAS wavelets.
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