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1. Introduction

Consider the Bessel equation of the form
Xzy” + Xy, + (XZ —_ pz)y =] 0 (111)
The general solution of (1.1.1) is y = AJ, (x) + B]_,(x) , where A and B are arbitrary constants, and

3 (_1)r Xy PH2r s (_1)1’ Xy —P+2r
h() = ZO MT(p+r+1) (E) ,and 00 = ZO NT(—p+r+1) (E)
Where p is nonnegative constant.

Many facts about integral representation of Bessel function can be proved by using its generating function

2271 = z 2], - (11.2)
p=—o

One of such integral form is given by
1 T
J,(x) = Ef cos(xsin® — pB) d6 ..(1.1.3)
0

Since Equation (1.1.2) is the general form of Laurent expansion where ¢, (x) = J, (%) and f(z) = eg(z_z—l) , We can write
the general integral representation of Bessel function

dz, where C is a simple closed curve.

1 f ez

zp+1

]p(x) = 2__‘_[1
C

Letz = ¢®, and 8 € [0,27], then

1
hw:ﬁL

Where p is any real value. Hence for p = 0 we obtain

21 T

o 1
eixsin 0—ip® 4q — EJ cos(xsin® —p0)do  ..(1.1.4)
0

1 TC
Jo(x) = EJ cos(xsin0) dO ..(1.1.5)
0

Throughout this paper the following definitions and notation of nonstandard analysis will be needed
Every set or elements defined in a classical mathematics are standard.
A real number x is called unlimited if |x| > r for all r > 0, by Q we mean the set of unlimited real numbers.

A real number x is called infinitesimal if [x] < r for all positive standard real number r, by @ we mean the set of
infinitesimals.
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Two real numbers x and y are said to be infinitely near if x — y is infinitesimal and is denoted by x = y.

If x is a limited real number, then the set of all numbers which are infinitely near to x, is called the monad of x and
denoted by mon(x).

If x is a real number X, then the set of all numbers y such that x — y is limited is called the galaxy of x, and denoted by
gal(x).

2. Main Results
Lemma 2.1: Let I=[a,b], then the integral of the Bessel function on I for p=0 is given by

¢ fon 3o 4)

b
af]o(x)dX:E tm

dt
0
Proof:

Since by integrating Equation (1.1.3) on I=[a,b] and p=0, we get

T
2
2 j sin(b sin 8) — sin(asin 0)

b m b
f]o(x) dx = lj f cos(xsin 0) dxdd = —
110 T

a 0

de ..(2.11
sin 6 ( )
a

Put t = sin 6 then Equation (2.1.1) becomes:

b 1
_ E sin(bt) — sin(at)
aflo(X) dx = ﬁof—tm dt . (2.2.2)

Thus by using trigonometric law: sinb — sina = 2 sin (bz;a) cos (bzﬁ)

We conclude the required result, hence

t

i 4 (sin(C720) cos (B4 2)
!h@ﬁm=—! e a

T
In the following, by using the previous lemma, some nonstandard results are proved for different nonstandard values of
p, 6 and x.

Lemma 2.2: Let p € mon(0).Then
b b
[B@=[1e

Let p € mon(0), thenp =~ § =~ 0 ,cos p® = cos 80 = 1 and sin pB = sin 6 =~ 0.Therefore

Proof:

cos(xsin® — pB) = cos(xsin® — 8§0) =~ cos(x sin B)
Thus

1 (" 1 ("
Js(x) = —f cos(xsin B — 60) do =~ —f cos(xsin09) do = J,(x)
TJo TJo

fh@zl%@)

Then the integration is well defined and

Theorem 2.3: For 8 = t — & where § =~ 0 then

2sin (X ; pn) cos (X ; pn)

nx + p)

Jp(x) = . (2.3.1)
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Moreover
(cos ptt X € mon(—p)
I
sinpm
B = = x € mon(p)
l 1 %, p € mon(0)
Proof:

For 6 = t — § where § ~ 0 we have

sin(m — §) = sin§ =~ sand d6 = —d§, then by using Equation (1.1.3) we get

Jp () = %J:cos(x sin8 — p(m — 8)) dé = %J:cos((x +p)s— pn) dé

X+ -
B [sin((x +p)8 —pm)|" _ sinxm +sinpn _ 2sin (X ) p“) cos (X 3 p“)

n(x +p) 0 m(x+p) m(x +p)
Thus
ZSln( 2 pn) cos( = pn)
Jp(0) = 2 2
2 m(x + p)
Now,
i- For x € mon(—p) let = —1'[ theny =~ 0 and x = —y p. Therefore
2
, 7Y —2p
siny cos >
Jp(x) = - ~ cospT
ii-For x € mon(p) we have %n = 27)(11 = Zz—pn,and%n =~ 0, then cos (%Tt) =~ 1. Therefore
sin pTt
Jp () = —
iii- For x, p € mon(0) and from case (ii) we get that
sin xT
Jp () = ~
XTU

Theorem 2.4: Let I=[a,b], and 6 ~ 0 then the integral of ], (x) on | is given as follows

sin am sinbm
f Jo () dx = f Jo ) dx + p (o - 2T
Proof:
Let 8 =~ Othen cos p& =~ 1 and sin p§ = p§, therefore by using Equation (1.1.3) we get

1" 1("
() = EJ cos(xsin§ — p8) dé = EJ- (cos(xsin &) + 8p sinx8)ds
0 0

1 TC p s p T
Jp () = —J cos(x sin §) d6+—j §sinx8dsé = Jy(x) +—f 6sinx6 d6
T™Jo TJo TJo

Thus for x € 1, we get

s

f]p(x)dX"*f Jox) dx + — J f651nx8dxd8~J ]O(X)dx+pj [— cosx8]2ds

0
b

p[sinad sinbd
2f Io(X)dx+—f (cosaS—cosbS)dSzf ]O(X)dXJ’E[ -— ]
a 0

sinam  sin bn)

jlo(x)dx+p(

aT bt
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sinam  sin bn)

j;blp(xmxzflo(x) ax+p

at bt

Lemma 2.5: Let I=[0,1], then

) :E 1 cosxt it
0 Ty V1—t2
Proof:
Lett =sin® .Then
2 1 cosxt t:E %Mcosedezzﬁwcosede
)y V1-¢2 mJo V1—sin? Ml cos®

= lJ-ﬁcos(x sin0) d6 = Jy(x)
TJo

Through the following theorems we give an infinitesimal analytical continuation of Bessel function, for any real value p.

Theorem 2.6: If x = b such thata < x < b + § where § = 0, then

g . sinat sinbm pd cos bt

Proof:

Since x = b such thata < x < b + 6 where § = 0 then by using Theorem (2.5) we get

b+8 b+8 0 in(b + &
[ meax= [ reoax+p (T - T

Now by using Equation (2.1.2) we obtain
1

b6 2 [ sin((b + &§)t) — sin(at sinant  sin(b + 8)m
f ]p(x)dxz—f (( )) ( )dt+p — ( )
0 T /1 — t2 am (b+ &)m
1
2fsinbtc056t+sin6tcosbt—sin(at)dt+psinan p (sinb St sin 6 br)
= = pym b+ o)m sin b1t cos 81 + sin 81 cos bm
0
Fors =~ 0 we have cos 6t ~1,sin 8t =~ &8t, cos 8m = 1 and sin 67 =~ &, therefore
1 1
J‘b”] 60 d 2 f sin bt — sin(at) o 28 [ cosbt P sin am
Xdx~2— | —————— —
, n)Twi-v m)Vi-¢ = an

psinbm  pécosbm
b+8&m (b+06)
Now using Lemma (2.5) and Equation (2.1.2) we get

oo b sinam  sinbm pS cosbm
f ]p(X)dx:f ]O(X)dx+8]0(b)+p( pym _(b+8)1'[)_ s

Theorem 2.7:1f x =~ a such thata — § < x < b where § = 0 then

sinbm  sinam ) pd cosam

b b
L_Sjp(x)dxzfa]o(X)dX+5]0(a)+p( bt _(3_5)1-[ a—2§

Proof:

Since x =~ a such thata — 6 < x < b where § =~ 0 then by using Theorem (2.5) we get
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° - b sin(a— 8)T sinbm
J;_Slp(X) dx = L—SIO(X) dx + p< o - )

Now by using Equation (2.1.2) we get

J' I, (0 dx = _J‘ sin(bt) — sin((a — &)t) dt+p <sin(a —8)m sin bn)

V1—t2 (@a-8&m  br
1
2 J‘ sin bt — sin at cos 6t + cos at sin 6t (sin amcos 6 — cosamsindm  sin bn)
T -0 P (a—o)m b

0
Since § =~ 0, then cos 6t ~ 1, sin 6t =~ 8t, cos 61t =~ 1 and sin m =~ 8.

Hence
1 1
b 2 [ sinbt — sinat 28 [ cosat psinbm  psinam pdcosam
[ o= [ g 2 t _ _
a=8 “0 tV1 — t? s ] V1 —t2 br (@a=-8m (@—-9o)

Now using Lemma (2.5) and Equation (2.1.2) we get

sinbm sinam ) pdcosam

b b
J;_SIP(X) dX:J; IO(X)dX+6]O(a)+p( bT[ _(3_8)1-[ a—8

Proposition 2.8: Let x be a real variable. Then

sinx
——cosx-’ ]3(x)
Proof:
Since J1(x) = /isinx 21(x) = ’icosx,
2 X 2 X

and  Jp41 00 = 1000 = Jar ()

Thus, if n=- We have]3(x) = —]1(X) —Ja 1(x) \/7 (SIZX — cos x)

sin x
— T Cosx = \/7]3()()

Theorem 2.9: Fora— 6 < x < awhere § = 0, then

Hence

f Jp dx = 6]y (a) + \/7]3(5”0

Proof:

Sincea — § < x < a where § = 0 then by using Theorem (2.5) we get

sin(a—§8)m sin an)

]p(x)dx—J Jox)dx +p ((3—8)11 ~om

a—§
Now, using Equation (2.1.2) we obtain

sin(at) — sin((a — &)t sin(a— &)m™ sinam
f]p(x)dx_ f @0 —sina =8, (sin@@— O _sinam
1 —+t2 (a—9&)m am
1
2 f sin at — sin at cos 8t + cos at sin &t (sin amcos 8 — cosamsiném  sin an)
T 1 —t2 P (@a=d&)m am

0
Thus, for § =~ 0, we have
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28 cos at psinam pdcosam p
J- Jp () dx = md +(a—8)n_ 5 anoinam
pdsinam p8 cosam pd /sinam
= §]y(a) + ma(a = 8) 5 = 8Jp(a) + _6( — cos an)

Using Proposition (2.8) we get

a pémt [a
| o 0= 81 + 75 [F3tam
Theorem 2.10: Forb < x < b + 6 where § = 0, then

b+8 5
[ e = 81000+ 255 31300

Since b < x < b + 6 where § = 0 then by using Theorem (2.5) we get

b+8 b+5 sinbmt  sin(b + §)1
fb Jp(X)dX-fb lo(x)d”p( bt (b+8)n>

Proof:

Now, using Equation (2.1.2) we get

1
b+8 sin(b + 8)t — sin bt sinbm  sin(b + &)m
f Jp(x) dx = f dt+p —
T tV1 =2 br (b + &)™

1
J‘ sin bt cos 6t + cos bt sin 6t — sin bt dt+ (sin bm  sinbmcos ém + cos bmsin 811)
p

tV1 -t bt (M + o)

~

Al

0
Thus for § =~ 0 we have

b+8 28 (! cosbt psinbm  p&sinbm  pé
f oy dx == | == ) b+ 5 0T
pdsinbmt  pdcosbm pSd /sinbm
=h®) i m e brs @t b+8( by~ 05b)

Therefore by using Proposition (2.8) we get
b+8 5
[ o Goax = 81000+ 255 31300

Theorem 2.11: Ifa = x =~ bsuchthata— 6 < x < b + 6 where 6 = 0, then

psman psinbm p6cosa1'[ pdcosbm
(@a-8) nb+8) a-—26 b+8

b+68
f J, (0dx = f Jo () + 81 (@) + o () + 5
a—=6

Proof:

Since a = x = b such thata — § < x < b + & where § =~ 0 then by using Theorems (2.5), (2.9) and (2.10) respectively
we get

J:Jrslp (x)dx = f Jp (0dx + f J, ®)dx + fb+8]p (x)dx

b pé
= sho(a) + 2% ratam + f Jod x4 p (Tt = ST g, b) + f I3 (bm)

Now using Proposition (2.8) we get
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b+8
f J, (0dx = f Jo (0 dx + 8(Jo () +Jo (b))

sinam sinbm pd /sinbm pd /sinam
+p( am  bm )+b+8< b _COSb“>+a—6( am _Cosa“>
Therefore
b+8
[IRACES f Jo () dx + 8(Jo @) + Jo(5))
—
p/ 8§ p 8 . pd
+a_1'r(a—6+ 1)51na1‘t+b—(m— 1>smbn—a_Scosan—b_l_scosbn

Thus

b+6
f T Gdx = f Jo GOdx + 8(Jo @) +Jo (b))

psinan  psinbm  pScosam pdcosbn
m@a—46) mb+95) a—3=§ b+8

Theorem 2.12: If a, b are unlimited such thata =~ b + &, for § € mon(0), then

péT

b w+8
f J, ®)dx = f J, ®)dx = 6], (‘D i g) W5 (@ +0)

]3 (w)

For a = w is unlimited and § € mon(0).
Proof:

Since a , b are unlimited such that a € mon(b) where a = w and b = w + & for w is unlimited and § € mon(0) then
b —a =8 = 0, and by using Lemma (2.1) and Theorem (2.5), we get

tvV1 —t2 dt i Tw o+ 0)

Since § € mon(0), then sin%t ~ gt ,cos 6T =~ 1 and sin &m = &, SO

. (w+6—w w+d+w
J-m+8] 214 ifl sin (Tt) cos (—2 t) psintw psin(w + &)
) ~
[ 0

sin(w + 8)m = sinTtw + 81 cos wm

Therefore

cos ((o +§)t
f‘”ﬁ] (x)d 26f1 et psinwm  p(sinTw + 8T cos wm)
p (Ndx = — -

T J, V1= t2 WTT m(w + 6)
p : pé
—8]0< + ) el m+8)smmn m+8€osum
5 ( +8>+ po <51nu) )
=0l 2/ w+8\ wm coswn
Using Proposition (2.8) we get
w+38
~ s pént  [w
| e oe = 81 (0 43) + 0T [Fsm

Theorem 2.13: If a, b are unlimited such that a € gal(b), then

fa ’ +f]p (x)dx

<r+ % (6 +¢), fore,8€ mon(0)andr,p are limited.

Proof:
Since a, b are unlimited such that a € gal(b), then by using Theorem (2.5) we get

Page | 353



International Journal of Enhanced Research in Science Technology & Engineering, ISSN: 2319-7463
Vol. 3 Issue 4, April-2014, pp: (347-355), Impact Factor: 1.252, Available online at: www.erpublications.com

a+r a+r 7 i +
[0 [ p (er s 0y
Thus

<

[ 00 dx [ " G dx

+ S |sin am| + _P [sin(a + r)m|
am mla+7)

Since |sin x| < 1, then

a+r
sf o) dx + L=+ —L
a

at  mw(a+71)

fa S

Since |Jo(x)| < 1, then

a+r a+r
J- |]0(x)|def dx=r
a a

Now for unlimited a, we have so i ~ § and alj ~ g where £, 6 € mon(0) then

L a +r]p ol

X ls+a
T

Theorem 2.14: If a, b are unlimited such that a = w , b = 2w where w is unlimited then

2w 2w
f Jp (0)dx < f Jo ()dx + 2pd

For 6 € mon(0) and p is any real value.
Proof:
Since by applying Theorem (2.5) for the assumed values a and b, we get

e 0d g ) dx 4+ (sinwn sinZwT[) 22 ) dx + P P
x) dx ~ x) dx - = x) dx + — sin wm — — sin W cos Wt
; Iy y Jo 3 2wm y Jo W w7
2 sin wm

= | Jo(x) dx + 2psin*<Z - ”~

w

sin wmw

Since w is unlimited then — 6 =~ 0and sinz% < 1then

2w 2w
Jp ()dx < Jo (x)dx + 2pS

w

Theorem 2.15: Let I=[a,b]. Then the integral of Bessel function for p=0, on I is given by the series expansion

b o (=1)k(p2+T — g2k+1y
Jo (X)dx = ,
Jpeoas =3

(2k + 1)22k(k!)?

where w is unlimited.

Proof:

By expanding sin x in Equation (2.1.2) using Taylor series up to unlimited n = w, we get

b 1

2 [ sin(bt) — sin(at) 25 (=1)k(h2hHT — g2k+1y (1 ¢2kgy
f]o(x)dx=—J dt=—z f

T T 0
a 0 k=0

tV1 — t2 2k + 1)! Vi—t2

~ 2 it (—1)k(p2k+1 — g2k+1y 1 =
- E; TES fo (tHk (1 — t2)Z dt
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Let u = t2 then dt = . Therefore
2w

b w
1 (_1)k(b2k+1 _ a2k+1) 1 k+l—1 1_1
dx = 1- d
af Jo(x) dx E fo W77 (A -w2 dt

;k=0 2k + 1!

and
b ® 1 1

B 1 (_1)k(b2k+1 _ a2k+1) r (k + 2) r (7)
ffo@c)dx—;kzo 2k + 1)! T+ D
Since

1\ k)T 1
re+3) = r(3)=vF  ree+n=w

Then

1 w (_1)k(b2k+1 | a2k+1) . 7(2Kk)! 3 w (_1)k(b2k+1 _ a2k+1)
Ekzo 2k + 1)(2Kk)! (kD227 ~ L2 2k + D22 (k)2

b
[ 1oy ax -

where w is unlimited.

Theorem 2.16: Let I=[a,b]. If a = b, then

b b 2
D [ o @dx = 81y(@ 2 [Jowax=2s , s=0
Proof:

1) Since a = b then 2a = b + a, and sin‘;—t = %then by using Lemma (2.1) we get

- 28 (! cosat
tV1 — £2 My VIt

2) since a = b then at =~ bt where 0 < t < 1 and sin at = sin bt then

dt = §Jy(a)

YEICOINCD)

b
[ro@ax=2
a 0

sin at sin bt sin at sin bt

~ 8 ~

= an — = =2
tVl—t2 tV1-—t2 tVl—t2 t/1-—¢t2

Thus

—————— —dt=-6
VI-© n

2 J‘lsinat— sin bt 2
TJo

So by using Equation (2.1.2) we get

b 2
f Jo (x)dx =~ —6.
A T
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