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ABSTRACT

In this chapter our aim is presenting some generalized integral formulas involving Fox H-function and M-Series. Results
derived in this paper are in terms of H-function and due to generous nature of H-function, several particular cases are
considered in the form of corollaries.

Notations and Result Required
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INTRODUCTION

The importance of the H-Function and M-Series are realized by scientists, engineers and statisticians (Caputo [7] , Glockle
and Nonnenmacher [14], Mainardi et al. [17], Hilfer [15] etc.) due to vast potential of their applications in diversified fields
of science and engineering such as fluid flow, rheology, diffusion in porous media, propagation of seismic waves,
anomalous diffusion and turbulence etc.

In view of importance and popularity of the H-function a large number of integral formulas involving this function have
been developed by many authors. For example, Garg and Mittal [13] obtained an interesting unified integral involving Fox
H-function, Choi and Agarwal [8] derived unified integrals associated with Bessel functions. Further, Ali [5] gave three
interesting unified integrals involving the hypergeometric function. Recently, many useful integral formulas associated with
the Bessel functions of several kinds and Hypergeometric functions have been studied by Agarwal ([1]-[3]), Agarwal et al.
[4], Choi and Agarwal [9] and Choi et al. [10].

Fox [12] introduced the H-function, via a Mellin-Barnes type integral for integers m,n,p,qsuch that0 = m = ¢q; 0 =
n = p;fora; b € Candfora;, B €R, = (0,1), (i=1,2,..,p; j= 1,2,..,q);8s

(ai:ai)?; 1 L
— [ H''(s)z~ds where H(s) is given by
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Page | 29



International Journal of Enhanced Research in Management & Computer Applications,
ISSN: 2319-7471, VVolume 14 Issue 7, July 2025

with all convergence conditions as given by Braaksma [6], Mathai [18], Kilbas and Saigo [16]. On putting a; = ; = 1in
H-function, we obtain the Meijer's G —functions G,,." (z) (Fox [12]).

Oberhettinger [19] established the following interesting integral formula

o _ -1 _3 (a\* TWIrO—pw
Jo (x +a+VxZ +2ax) “dx =21a™* (5) T (1.1.1)
where 0 < Re(u) < Re(4).

1 4 z ae 1
Sy x* A =x)fa+ bx] ™ Fdx = ez B@B) 112

We also use the following integral relation of Beta function for the prove of our results.

i x*a+ b Fdx =1 B(a,p) 113

One of the most interesting following relations of Beta function is as follows,
B(a,B) = B(a+1,8)+B(a,p+1) 114

Theorem 1.2.1: Show
yk(x+a+ x2+2ax)k (ai;ai)iy

that [T x4 (x + @+ VaZ  2ax) HY A )7 | =
S
2t () 1[5 | €259
wk), (=2 =, —k) (b, B,
The convergence conditions for the validity of (1.2.1.1) are as follows,
. 0<m<q0<p<n fora,b,LueC and a,B €R* and i € {1,2,.....p}, j € {1,2,.....q} With 0 <

Re(u) < Re(A—sk)and k > 0; x > 0.

i, L = Ly.is a contour starting at the point y — iccand going to y + icowhere y € R(—o0, +o0) such that all the poles
of I'(b; + B;s)j € (1,2, .......m}are separated from those of I'(1 —a; — a;s) , i € {1,2,.......n}, The integral
converges if @ > 0, larg z| < %Tra, a # 0. The integral also converges if ¢ = 0,yu + Re(6) < —1,argz = 0 and
z#0where 0 = Y —3_ 0 + T8 — I, 1416

ii. Re(u) > 0,Re(u) + kming gy Re [Z—j] > max{0, (1 — sk)}.

Proof: We know that,
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where H(s) is given by
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On taking LHS of (1.2.1.1) we have
k
y*(x + a +VxZ + 2ax) (@, @)}
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By change of order of integration, we have

LJ- HY' (s) - fwx“_l (x +a++/x%+ 2ax)_/1_ks dx ) ds
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By using (1.1.1) we have
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This complete the prove of the Theorem.

Theorem1.2.2: Show
© -1
that Jo M (x +a+VxZ+2ax) “HY

ykxk(x+a+ x2+2ax) (au ; )pl dx
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The convergence conditions for the validity of (1.2.2.1) are as follows,

. 0<m<q0<p<nfor a,b,LueC and a, B €R* and i €{1,2,.....p}, j €{1,2,.....q} Wwith 0 <

Re(u) < Re(A)and k > 0; x > 0.

i, L = Ly,.is a contour starting at the point y — iccand going to y + icowhere y € R(—oo, +00) such that all the poles
of I'(b; + B;s)j € (1,2, .......m}are separated from those of I'(1 —a; — a;s) , i € {1,2,.......n}, The integral

converges if a > 0, |argz| < %na a # 0. The integral also converges if ¢ = 0,yu + Re(6) < —1,argz = 0 and
z#0where 0= Y a0 — 3, L a +5L 8 -, 16

ii. Re(u) > 0,Re(u) + k ming <5 gn) Re[ ] > max{0, (1 — sk)}.

Proof: We know that,
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S)Z S
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H(s) = LT(b + Bs) [T T(1 — a4 — ays)
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On taking LHS of (1.2.2.1) we have
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By change of order of integration, we have

1 —sk i 7o) ) d
sz () fox (x+a+ x% + ax) x |ds

By using (1.1.1) we have

1 —sk (e -(A+ks)
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This complete the prove of the Theorem.
Our next result is depending on formula 1.1.2, which is as follows,

Theorem1.2.3: Show

w _ o ) y k(1—x)k (aua)1
that Jy xe7t@a —x)f"1a + bx]~® ﬁH;,'fqn " ( ,8-)
p e
k (1-a,0),(1,0), (a;, a;)7
RS S lrsp iy gy l (1.2.3.1)
(a+b)*aP " "PF2.4+2 | gk yk B, —k),(-1—a— ,Bk)( )
The convergence conditions for the validity of (1.2.3.1) are as follows,
. 0<m<q0<p<n fora,b,LueC and a,B €R* and i € {1,2,....p}, j € {1,2,.....q} With 0 <

Re(u) < Re(A—sk)and k > 0; x > 0.

i, L = Ly.is a contour starting at the point y — iccand going to y + icowhere y € R(—o0, +00) such that all the poles
of '(b; + B;s)j € {12, ......m}are separated from those of I'(1 —a; — a;s) , i € {1,2,.......n}, The integral
converges if a > 0, |arg z| < lmx a # 0. The integral also converges if ¢ = 0,yu + Re(§) < —1,argz = 0 and

z# 0where 0 = I o — 2]” n1® +EL B =T B

iil. Re(u) > 0,Re(u) + k ming <j o) Re[ ] > max{0, (1 — sk)}.

Proof: We know that,

Hmn

(al, Q; . »

) l 211 _é (s)z™%ds
where H(s) is given by
"‘ F(b + ﬁjs) | J F(l —a — ais)

Hmn(s)
] =m+1 F(l b] _ﬂjs) l_[2Lf7=n+1 F(aj + (Xl-S)

On taking LHS of (1.2.3.1) we have
v —x)k (@, @)}

w*[a + bx]* (b ﬁ]) dx =

J- x* 11— x)fa + bx]"*FH"
0
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o - w1 mn yE(1—x)k\"’
J(-] 1(1—X)ﬁ 1[a+bx] ﬁ<27an ()(m) dS)dX

By change of order of integration, we have

1 —sk 0
—f (s ) = <f x4 11 = x)f ks 1[a + bx]_“_(ﬁ‘ks)dx> ds
2mi 0

By using (1.1.2) we have

! y ! ks) |d
ZmJ- 7@ ) w sk ((a + b)xqf—ks B(a,p - S)> s
1 1 y~¥  Tol'(B — ks)
(a+b)”‘aﬁﬁf ()( aw) Sk T'(a+p— ks)d

yk (1-a,0),(1,0), (a;, ;)]
akwkl(ﬁ k), (-1 —a- B,k)( )

1 mn+2
" (a+b)eaf a2

This complete the prove of the Theorem.

Theorem1.2.4: Show that

- ke (a,a)? k (1 -a,0),(1,0), (a;, a;)}
2 x* a4+ ba] oA I |22 T e |2 C | (12.4.0)
0 P4 |wklatbx] (bj,gj)l (a+b)a @tb)@ab p+24+2 |} B,0),1—a—B,k)(b, )
The convergence conditions for the validity of (1.2.4.1) are as follows,
. 0<m<q0<p<nfora,b,LueC and a;, B €R* and i €{1,2,......p}, j €{1,2,.....q} Wwith 0 <

Re(u) < Re(A—sk)and k > 0; x > 0.

L = Ly,.is a contour starting at the point y — iccand going to y + icowhere y € R(—oo, +00) such that all the poles
of I'(b; + B;s)j € (1,2, .......m}are separated from those of I'(1 —a; — a;s) , i € {1,2,.......n}, The integral
converges if a > 0, |argz| < lna a # 0. The integral also converges if ¢ = 0,yu + Re(6) < —1,argz = 0 and

z# 0where 0 = ¥ 0 — ij nr1® LB =T, B

Re(u) > 0,Re(u) + k ming <jgn) Re[ ] > max{0, (1 — sk)}.

Proof: We know that,

Hmn

(al, Q;
Hm , (8)z™%ds
) Zm

where H(s) is given by

F(b + [5’]5) H?:l F(l — aj —_ ais)
] =m+1 F(l b] - ﬂjs) l_[2Lf7=n+1 F(aj + (Xl-S)

Hmn( )

On taking LHS of (1.2.4.1) we have

ykxk (a;, @)y

w*[a + bx]k | (b},/)’})z

) - . 1 o ykxk -s
fo a + bx]™ B(zan ()(7a)k[a+bx]k) ds)dx

-1 —a—B ym,
fo x“a+ bx]™*FH"
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By change of order of integration, we have

1 —sk
—f (s ) (f x®~ks=1[q 4 px]~(@—ks)=F dx) ds
2mi 0

By using (1.1.3) we have

1 y sk 1
ﬁf (s ) = (WB(CI — ks, ,8)) ds
1 1 y=k T'(a — ks)I'(B)
Wﬁf ()(ba)) =k T(a + B — ks) ds
yk (1-a,0),(1,0), (a;, @)}
[bkwk | B,0), 1 —a-B,k)(b,8)! l

1 mn+2
~ (a+b)eaf P2t

This complete the prove of the Theorem.
By using 1.1.4, we prove our next result, which is as follows,

Theorem1.2.5: Show that

I R G R il ] E -
" [ ok | (—=a,0),(1,0), (a;, )} l
) P+2,q+2 | gk ok B, —k), (~a — B, k)(
(a+b)¥ab | mnsz | e CBR),(L0), (ay )”  (12.10)
k+ Hp+2 q+2 [ | (0(, 0)’ (_a _ ,B, k)( ) ]

The convergence conditions for the validity of (1.2.1.1) are as follows,

IV. 0<m<gq0<p<nfora,b,LueC and a,B € R* and i € {1,2, ....p}, j € {1,2,.....q} With 0 <

i Yy

Re(u) < Re(A—sk)and k > 0; x > 0.

V. L = Ly.is a contour starting at the point y — iccand going to y + icowhere y € R(—o0, +o0) such that all the poles
of '(b; + B;s)j € {1,2,......m}are separated from those of I'(1 —a; — a;s) , i € {1,2,.......n}, The integral
converges if @ > 0, larg z| < lmx a # 0. The integral also converges if ¢ = 0,yu + Re(6) < —1,argz = 0 and

z# 0where 0 = ;¢ —2]” nr1® LB — T, B

Vi. Re(u) > 0,Re(u) + k ming <jgn) Re[ ] > max{0, (1 — sk)}.

Proof: We know that,

( l’ a )p
H'"(s)z~5ds where H(s) is given by

d ( Bj)l 2m fL p.q
F(b + [5’]5) H?:l F(l — aj —_ ais)
| D= b = Bis) T,y T + ai5)

m,n
Hp,q

Hmn( )

On taking LHS of (1.2.1.1) we have

yk(1 —x)k (@, @)
q

w*[a + bx]* " (b, ﬂf)1

* - . 1 mn ye@a - x)k\"
J(-] 1(1—X)ﬁ 1[a+bx] B<27an ()<m> dS)dX

By change of order of integration, we have

1 —sk o
—J- Hy'' (s) y_sk <f x*1(1 = x)P s a + bx]_“_(ﬁ_ks)dx> ds
, a) S

2mi J,
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0
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By using (1.1.3) we have

L mn, g Y 1
ﬁJ;Hp,q (s) w=sk\ (a + b)*abf—*s B(a,B —ks) |ds

By using (1.1.4) we have

1 N 1
%J; Hy'i" (s) = <(a ST (Bla+1,8—ks)+B(a,1+ 8- ks))> ds

1 m,n y_Sk I'(a+ TP —ks) \
1 {I ﬁfLHp.q (s) @) F T+t p—ks) ds |
@b 1 (... .y Tal(1+B—ks) }
+ﬁJI: Hp.q ) (aa))_Sk T +atp—ks) dSJ
— A (—a,0),(1,0), (a;, )}
1 p+2.4+2 | gk ok | B, —Kk),(—a—p, k)(bjﬂﬁj)z
) m k (_.8' k)' (1'0)' (ai, ai)lli

n+2 y
|+ H;"+’;,q+z[

oy |
ak wk | (a,0),(—a —p, k)(bj'.gj)ZlJ

This complete the prove of the Theorem.

[1]
[2]
[3]
[4]
[5]
[6]
[7]
5
[10]
[11]

[12]
[13]

[14]
[15]
[16]
[17]
[18]

[19]
[20]

REFERENCES

P. Agarwal, Certain multiple integral relations involving generalized Mellin-Barnes type ofcontour integral, Acta
Univ. Apulensis Math. Inform. 33 (2013), 257-268.

P. Agarwal, On A New Uni_ed Integral Involving Hypergeometric Functions, Advances in Computational
Mathematics and its Applications 2(1) (2012), 239-242.

P. Agarwal, On New Unified Integrals involving Appell Series, Advances in Mechanical Engineering and its
Applications2(1) (2012), 115-120.

P. Agarwal, S. Jain, S. Agarwal, and M. Nagpal, On a new class of integrals involving Bessel functions of the first
kind, Communications in Numerical Analysis, 2014 (2014), 1-7.

S. Ali, On some new unified integrals,Advances in Computational Mathematics and its Applications, 1(3) (2012),
151-153.

B. L. J. Braaksma, Asymptotic Expansions and Analytic Continuations for a Class of Barnes Integrals,Comp
Math.,15 (1964), 239-341.

M. Caputo, Elasticitfia E Dissipazione, Zanichelli, Bologna, 1969.

J. Choi and P. Agarwal, Certain unified integrals associated with Bessel functions,Bound.Value Probl., 1(2013), 1-9.
J. Choi, P. Agarwal, Certain unified integrals involving a product of Bessel functions,Honam Mathematical J.,35(4)
(2013), 667-677.

J. Choi, P. Agarwal, S. Mathur, S. D. Purohit, Certain new integral formulas involving the generalized Bessel
functions, Bull. Korean Math. Soc. 51(4) (2014), 995-1003.

A. Chouhan and S. Sarswat, Certain Properties of Fractional Calculus Operators Associated with M-series,Scientia:
Series A: Mathematical Sciences 22 (2012), 25-30.

C. Fox, The G and H functions as symmetrical Fourier Kernels, Trans. Amer. Math. Soc., 98 (1961), 395-429.

M. Garg and S. Mittal, On a new unified integral, In Proceedings of the Indian Academy of Sciences-Mathematical
Sciences,114(2) (2004), 99-101, Springer India.

W.G. GI[bckle and T.F. Nonnenmacher, Fox Function Representation on Non-Debye Relaxation Processes, J. Stat.
Phys. 71 (1993), 741-757.

R. Hilfer (Ed.), Application of fractional calculus in physics, World Scientific Publishing Company, Singapore, New
Jersey, London and Hong Kong, 2000.

A. A Kilbas and M. Saigo, H-transforms, theory and applications, Chapman and Hall/CRC, Boca Raton, London,
New York, 2004.

F. Mainardi, Y. Luchko and G. Pagnini, The Fundamental Solution of the Space-Time Fractional Diffusion
Equation, Frac. Calc. Appl. Anal., 4(2) (2001), 153-192.

A. M. Mathai, A handbook of generalized special functions for statistical and physical sciences, Oxford University
Press, Oxford, 1993.

F. Oberhettinger, Tables of Mellin Transform, Springer-Verlag, New York, 1974.

F. W. L. Olver, D. W. Lozier, R. F. Boisvert and C. W. Clark, NIST Handbook of Mathematical Functions,
Cambridge University Press, Cambridge 2010.

Page | 35



[21]

[22]
[23]

[24]

[25]

International Journal of Enhanced Research in Management & Computer Applications,
ISSN: 2319-7471, VVolume 14 Issue 7, July 2025

T. R. Prabhakar, A Singular Integral Equation with a Generalized Mittag-Le_er Function in the Kernel, Yokohama
Math. J., 19 (1971), 7-11.

R. K. Saxena, A Remark on a Paper on M-Series, Fract. Calc. Appl. Anal. 12(1)(2009), 109-110.

M. Sharma and R. Jain, A Note on a Generalized M-Series as a Special Function of Fractional Calculus, Fract. Calc.
Appl. Anal., 12(4) (2009), 449-452.

H. M. Srivastava and H. Exton, A generalization of the Weber-Schafheitlin integral, J. Reine Angew. Math.
309(1979), 1-6.

E. M. Wright, The Asymptotic Expansion of the Generalized Hypergeometric Functions, J. London Math. Soc., 10
(1935), 286-293.

Page | 36



