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ABSTRACT 

 

In this chapter our aim is presenting some generalized integral formulas involving Fox H-function and M-Series. Results 

derived in this paper are in terms of H-function and due to generous nature of H-function, several particular cases are 

considered in the form of corollaries. 

 

Notations and Result Required  

 

i.  𝑎 𝑛 = 𝑎 𝑎 + 1  𝑎 + 2  𝑎 + 3 …… . (𝑎 + 𝑛 − 1) 

ii.  𝑎 𝑚𝑛 = 𝑚𝑚𝑛  
𝑎

𝑚
 
𝑛
 
𝑎+1

𝑚
 
𝑛
……  

𝑎+𝑚−1

𝑚
 
𝑛

 

iii.  𝑎 2𝑛 = 22𝑛  
𝑎

2
 
𝑛
 
𝑎+1

2
 
𝑛

 

iv.  𝑎 𝑛 =
Γ 𝑎+𝑛 

Γ 𝑎 
 

v.  𝑎 𝑛−𝑚 =
 −1 𝑚  𝑎 𝑛

 1−𝑎−𝑛 𝑚
 

vi. 𝑅𝑒 𝑎 =   𝑅𝑒𝑎𝑙𝑝𝑎𝑟𝑡𝑜𝑓 ′𝑎′ 

vii.   𝑎𝑖 𝑛 =   𝑎1 𝑛 𝑎2 𝑛 𝑎3 𝑛 …… 𝑎𝑝 𝑛
𝑝
𝑖=1  

viii. 𝐵 𝛼, 𝛽 =  
Γ𝛼Γ𝛽

Γ 𝛼+𝛽 
 

 

INTRODUCTION 

 

The importance of the H-Function and M-Series are realized by scientists, engineers and statisticians (Caputo [7] , Glockle 

and Nonnenmacher [14], Mainardi et al. [17], Hilfer [15] etc.) due to vast potential of their applications in diversified  fields 

of science and engineering such as fluid flow, rheology, diffusion in porous media, propagation of seismic waves, 

anomalous diffusion and turbulence etc. 

 

In view of importance and popularity of the H-function a large number of integral formulas involving this function have 

been developed by many authors. For example, Garg and Mittal [13] obtained an interesting unified integral involving Fox 

H-function, Choi and Agarwal [8] derived unified integrals associated with Bessel functions. Further, Ali [5] gave three 

interesting unified integrals involving the hypergeometric function. Recently, many useful integral formulas associated with 

the Bessel functions of several kinds and Hypergeometric functions have been studied by Agarwal ([1]-[3]), Agarwal et al. 

[4], Choi and Agarwal [9] and Choi et al. [10]. 

 

Fox [12] introduced the H-function, via a Mellin-Barnes type integral for integers 𝑚, 𝑛, 𝑝, 𝑞such that 0 =  𝑚 =  𝑞;  0 =
 𝑛 =  𝑝;for 𝑎𝑖 ,   𝑏𝑗 ∈  𝐶and for 𝛼𝑖 , 𝛽𝑗 ∈ 𝑅+ =   0,1 , (𝑖 =  1, 2, … , 𝑝;  𝑗 =  1, 2, … , 𝑞); as 

 

𝐻𝑝,𝑞
𝑚 ,𝑛  𝑧| 

 𝑎𝑖 , 𝛼𝑖 1
𝑝

 𝑏𝑗 , 𝛽𝑗  1

𝑞  =
1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚,𝑛 𝑠 𝑧−𝑠𝑑𝑠
𝐿

  where 𝐻 𝑠  is given by 

𝐻𝑝,𝑞
𝑚 ,𝑛 𝑠  =

 Γ 𝑏𝑗 + 𝛽𝑗 𝑠 
𝑚
𝑗=1  Γ 1 − 𝑎𝑗 − 𝛼𝑖𝑠 

𝑛
𝑖=1

 Γ 1 − 𝑏𝑗 − 𝛽𝑗 𝑠 
𝑞
𝑗=𝑚+1

 Γ 𝑎𝑗 + 𝛼𝑖𝑠 
𝑝
𝑖=𝑛+1
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with all convergence conditions as given by Braaksma [6], Mathai [18], Kilbas and Saigo [16]. On putting 𝛼𝑗 = 𝛽𝑗 =  1 in 

H-function, we obtain the Meijer's 𝐺 −functions 𝐺𝑝;𝑞
𝑚;𝑛(𝑧) (Fox [12]). 

 

Oberhettinger [19] established the following interesting integral formula 

 

 𝑥𝜇−1∞

0
 𝑥 + 𝑎 +  𝑥2 + 2𝑎𝑥 

−𝜆
𝑑𝑥 = 2𝜆𝑎−𝜆  

𝑎

2
 
𝜇 Γ 2μ Γ λ−μ 

Γ 1+λ+μ 
  (1.1.1) 

where 0 < 𝑅𝑒(𝜇)  < 𝑅𝑒(𝜆). 

 𝑥𝛼−1 1 − 𝑥 𝛽−1 𝑎 + 𝑏𝑥 −𝛼−𝛽𝑑𝑥
1

0
  =

1

 𝑎+𝑏 𝛼𝑎𝛽
𝐵 𝛼, 𝛽   1.1.2 

 

We also use the following integral relation of Beta function for the prove of our results. 

 

 𝑥𝛼−1 𝑎 + 𝑏𝑥 −𝛼−𝛽𝑑𝑥
1

0
  =

1

𝑏𝛼𝑎𝛽
𝐵 𝛼, 𝛽     1.1.3 

 

One of the most interesting following relations of Beta function is as follows, 

𝐵 𝛼, 𝛽 =  𝐵 𝛼 + 1, 𝛽 + 𝐵 𝛼, 𝛽 + 1   1.1.4 

 

Theorem 1.2.1:  Show  

that  𝑥𝜇−1 𝑥 + 𝑎 +  𝑥2 + 2𝑎𝑥 
−𝜆
𝐻𝑝,𝑞
𝑚 ,𝑛  

𝑦𝑘 𝑥+𝑎+ 𝑥2+2𝑎𝑥 
𝑘

𝜔𝑘
| 
 𝑎𝑖 , 𝛼𝑖 1

𝑝

 𝑏𝑗 , 𝛽𝑗  1

𝑞 
∞

0
𝑑𝑥 =

 2𝑎−𝜆Γ 2μ  
𝑎

2
 
𝜇

𝐻𝑝+2,𝑞+2
𝑚 ,𝑛+1  

𝑦𝑘𝑎𝑘

𝜔𝑘
| 

 −𝜆, −𝑘 ,  𝜆, 𝑘 ,  𝑎𝑖 , 𝛼𝑖 1
𝑝

 𝜆 − 𝜇, 𝑘 ,  −𝜆 − 𝜇, , −𝑘  𝑏𝑗 , 𝛽𝑗  1

𝑞   (1.2.1.1)  

 

The convergence conditions for the validity of (1.2.1.1) are as follows, 

 

i. 0 ≤ 𝑚 ≤ 𝑞, 0 ≤ 𝑝 ≤ 𝑛  for 𝑎𝑖 , 𝑏𝑗 , 𝜆, 𝜇 ∈ 𝐶  and 𝛼𝑖 , 𝛽𝑗 ∈ 𝑅
+  and 𝑖 ∈  1,2, …… . 𝑝 , 𝑗 ∈  1,2, …… . 𝑞   with 0 <

𝑅𝑒 𝜇 < 𝑅𝑒 𝜆 − 𝑠𝑘  and 𝑘 > 0;  𝑥 > 0. 

ii. 𝐿 =  𝐿𝑖𝛾∞is a contour starting at the point 𝛾 − 𝑖∞and going to 𝛾 + 𝑖∞where 𝛾 ∈ 𝑅 −∞, +∞  such that all the poles 

of Γ 𝑏𝑗 + 𝛽𝑗 𝑠 𝑗 ∈  1,2, …… .𝑚 are  separated from those of Γ 1 − 𝑎𝑖 − 𝛼𝑖𝑠  , 𝑖 ∈  1,2, …… . 𝑛 , The integral 

converges if 𝛼 > 0,  arg 𝑧 <
1

2
𝜋𝛼, 𝛼 ≠ 0.  The integral also converges if 𝜎 = 0, 𝛾𝜇 + 𝑅𝑒 𝛿 < −1, arg 𝑧 = 0 and 

𝑧 ≠ 0 where  𝜎 =  Σ𝑗=1
𝑛 𝛼𝑗 − Σ𝑗=𝑛+1

𝑝
𝛼𝑗 + Σ𝑗=1

𝑚 𝛽𝑗 − Σ𝑗=𝑚+1
𝑞

𝛽𝑗 . 

iii. 𝑅𝑒 𝜇 >  0, 𝑅𝑒 𝜇 + 𝑘min 1≤𝑗≤𝑚 𝑅𝑒  
𝑏𝑗

𝛽𝑗
 > max 0,  𝜆 − 𝑠𝑘  . 

 

Proof: We know that,  

𝐻𝑝,𝑞
𝑚,𝑛  𝑧| 

 𝑎𝑖 , 𝛼𝑖 1
𝑝

 𝑏𝑗 , 𝛽𝑗  1

𝑞  =
1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠 𝑧−𝑠𝑑𝑠
𝐿

 

where 𝐻 𝑠  is given by 

𝐻𝑝,𝑞
𝑚 ,𝑛 𝑠  =

 Γ 𝑏𝑗 + 𝛽𝑗 𝑠 
𝑚
𝑗=1  Γ 1 − 𝑎𝑗 − 𝛼𝑖𝑠 

𝑛
𝑖=1

 Γ 1 − 𝑏𝑗 − 𝛽𝑗 𝑠 
𝑞
𝑗=𝑚+1

 Γ 𝑎𝑗 + 𝛼𝑖𝑠 
𝑝
𝑖=𝑛+1

 

On taking LHS of (1.2.1.1) we have 

 𝑥𝜇−1  𝑥 + 𝑎 +  𝑥2 + 2𝑎𝑥 
–𝜆

𝐻𝑝,𝑞
𝑚 ,𝑛  

𝑦𝑘 𝑥 + 𝑎 +  𝑥2 + 2𝑎𝑥 
𝑘

𝜔𝑘
| 
 𝑎𝑖 , 𝛼𝑖 1

𝑝

 𝑏𝑗 , 𝛽𝑗  1

𝑞 
∞

0

𝑑𝑥 

=   𝑥𝜇−1  𝑥 + 𝑎 +  𝑥2 + 2𝑎𝑥 
−𝜆

 
1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚,𝑛 𝑠  
𝑦𝑘 𝑥 + 𝑎 +  𝑥2 + 2𝑎𝑥 

𝑘

𝜔𝑘
 

−𝑠

𝑑𝑠
𝐿

 
∞

0

𝑑𝑥 

By change of order of integration, we have 

1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠 
𝑦−𝑠𝑘

𝜔−𝑠𝑘
𝐿

  𝑥𝜇−1  𝑥 + 𝑎 +  𝑥2 + 2𝑎𝑥 
–𝜆−𝑘𝑠

𝑑𝑥
∞

0

 𝑑𝑠 
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By using (1.1.1) we have 

1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠 
𝑦−𝑠𝑘

𝜔−𝑠𝑘
𝐿

  𝑥𝜇−1  𝑥 + 𝑎 +  𝑥2 + 2𝑎𝑥 
–(𝜆+𝑘𝑠)

𝑑𝑥
∞

0

  

 𝑥𝜇−1
∞

0

 𝑥 + 𝑎 +  𝑥2 + 2𝑎𝑥 
−(𝜆+𝑘𝑠)

𝑑𝑥 = 2 𝜆 + 𝑘𝑠 𝑎−𝜆  
𝑎

2
 
𝜇 Γ 2μ Γ 𝜆 + 𝑘𝑠 − μ 

Γ 1 + 𝜆 + 𝑘𝑠 + μ 
 

= 2𝑎−(𝜆+𝑘𝑠)  
𝑎

2
 
𝜇 Γ 2μ Γ 𝜆 + 𝑘𝑠 + 1 Γ 𝜆 + 𝑘𝑠 − μ 

Γ 𝜆 + 𝑘𝑠 Γ 1 + 𝜆 + 𝑘𝑠 + μ 
 

= 2𝑎−𝜆Γ 2μ  
𝑎

2
 
𝜇 1

2𝜋𝑖
 
𝑦−𝑠𝑘𝑎−𝑠𝑘

𝜔−𝑠𝑘
𝐿

𝐻𝑝,𝑞
𝑚 ,𝑛 𝑠  

Γ 𝜆 + 𝑘𝑠 + 1 Γ 𝜆 + 𝑘𝑠 − μ 

Γ 𝜆 + 𝑘𝑠 Γ 1 + 𝜆 + 𝑘𝑠 + μ 
 𝑑𝑠 

= 2𝑎−𝜆Γ 2μ  
𝑎

2
 
𝜇 1

2𝜋𝑖
 
𝑦−𝑠𝑘𝑎−𝑠𝑘

𝜔−𝑠𝑘
𝐿

𝐻𝑝,𝑞
𝑚,𝑛 𝑠  

Γ 𝜆 + 𝑘𝑠 + 1 Γ 𝜆 + 𝑘𝑠 − μ 

Γ 𝜆 + 𝑘𝑠 Γ 1 + 𝜆 + 𝑘𝑠 + μ 
 𝑑𝑠 

=  2𝑎−𝜆Γ 2μ  
𝑎

2
 
𝜇

𝐻𝑝+2,𝑞+2
𝑚,𝑛+1  

𝑦𝑘𝑎𝑘

𝜔𝑘
| 

 −𝜆, −𝑘 ,  𝜆, 𝑘 ,  𝑎𝑖 , 𝛼𝑖 1
𝑝

 𝜆 − 𝜇, 𝑘 ,  −𝜆 − 𝜇, , −𝑘  𝑏𝑗 , 𝛽𝑗  1

𝑞  

 

This complete the prove of the Theorem. 

 

Theorem1.2.2:  Show  

that  𝑥𝜇−1 𝑥 + 𝑎 +  𝑥2 + 2𝑎𝑥 
−𝜆
𝐻𝑝,𝑞
𝑚 ,𝑛  

𝑦𝑘𝑥𝑘 𝑥+𝑎+ 𝑥2+2𝑎𝑥  
𝑘

𝜔𝑘
| 
 𝑎𝑖 , 𝛼𝑖 1

𝑝

 𝑏𝑗 , 𝛽𝑗  1

𝑞 
∞

0
𝑑𝑥 =

2𝑎−𝜆

Γ 1+𝜆+𝜇 
 
𝑎

2
 
𝜇

𝐻𝑝+2,𝑞+3
𝑚 ,𝑛+1  

(2𝑦)𝑘

𝜔𝑘
 
𝑎

2
 

2𝑘

| 
 −𝜆, −𝑘 ,  𝜆, 𝑘 ,  𝑎𝑖 , 𝛼𝑖 1

𝑝

 −1,0 ,  2𝜇, −2𝑘 ,  𝜆 − 𝜇, 2𝑘 ,  𝑏𝑗 , 𝛽𝑗  1

𝑞   (1.2.2.1)  

 

The convergence conditions for the validity of (1.2.2.1) are as follows, 

 

i. 0 ≤ 𝑚 ≤ 𝑞, 0 ≤ 𝑝 ≤ 𝑛  for 𝑎𝑖 , 𝑏𝑗 , 𝜆, 𝜇 ∈ 𝐶  and 𝛼𝑖 , 𝛽𝑗 ∈ 𝑅
+  and 𝑖 ∈  1,2, …… . 𝑝 , 𝑗 ∈  1,2, …… . 𝑞   with 0 <

𝑅𝑒 𝜇 < 𝑅𝑒 𝜆  and 𝑘 > 0;  𝑥 > 0. 

ii. 𝐿 =  𝐿𝑖𝛾∞is a contour starting at the point 𝛾 − 𝑖∞and going to 𝛾 + 𝑖∞where 𝛾 ∈ 𝑅 −∞, +∞  such that all the poles 

of Γ 𝑏𝑗 + 𝛽𝑗 𝑠 𝑗 ∈  1,2, …… .𝑚 are  separated from those of Γ 1 − 𝑎𝑖 − 𝛼𝑖𝑠  , 𝑖 ∈  1,2, …… . 𝑛 , The integral 

converges if 𝛼 > 0,  arg 𝑧 <
1

2
𝜋𝛼, 𝛼 ≠ 0.  The integral also converges if 𝜎 = 0, 𝛾𝜇 + 𝑅𝑒 𝛿 < −1, arg 𝑧 = 0 and 

𝑧 ≠ 0 where  𝜎 =  Σ𝑗=1
𝑛 𝛼𝑗 − Σ𝑗=𝑛+1

𝑝
𝛼𝑗 + Σ𝑗=1

𝑚 𝛽𝑗 − Σ𝑗=𝑚+1
𝑞

𝛽𝑗 . 

iii. 𝑅𝑒 𝜇 >  0, 𝑅𝑒 𝜇 + 𝑘min 1≤𝑗≤𝑚 𝑅𝑒  
𝑏𝑗

𝛽𝑗
 > max 0,  𝜆 − 𝑠𝑘  . 

 

Proof: We know that,  

 

𝐻𝑝,𝑞
𝑚,𝑛  𝑧| 

 𝑎𝑖 , 𝛼𝑖 1
𝑝

 𝑏𝑗 , 𝛽𝑗  1

𝑞  =
1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠 𝑧−𝑠𝑑𝑠
𝐿

 

 

where 𝐻 𝑠  is given by 

 

𝐻𝑝,𝑞
𝑚 ,𝑛 𝑠  =

 Γ 𝑏𝑗 + 𝛽𝑗 𝑠 
𝑚
𝑗=1  Γ 1 − 𝑎𝑗 − 𝛼𝑖𝑠 

𝑛
𝑖=1

 Γ 1 − 𝑏𝑗 − 𝛽𝑗 𝑠 
𝑞
𝑗=𝑚+1

 Γ 𝑎𝑗 + 𝛼𝑖𝑠 
𝑝
𝑖=𝑛+1

 

 

On taking LHS of (1.2.2.1) we have 

 

 𝑥𝜇−1  𝑥 + 𝑎 +  𝑥2 + 2𝑎𝑥 
–𝜆

𝐻𝑝,𝑞
𝑚 ,𝑛  

𝑦𝑘𝑥𝑘 𝑥 + 𝑎 +  𝑥2 + 2𝑎𝑥 
𝑘

𝜔𝑘
| 
 𝑎𝑖 , 𝛼𝑖 1

𝑝

 𝑏𝑗 , 𝛽𝑗  1

𝑞 
∞

0

𝑑𝑥 = 

 𝑥𝜇−1  𝑥 + 𝑎 +  𝑥2 + 2𝑎𝑥 
−𝜆

 
1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠  
𝑦𝑘𝑥𝑘 𝑥 + 𝑎 +  𝑥2 + 2𝑎𝑥 

𝑘

𝜔𝑘
 

−𝑠

𝑑𝑠
𝐿

 
∞

0

𝑑𝑥 
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By change of order of integration, we have 

1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠 
𝑦−𝑠𝑘

𝜔−𝑠𝑘
𝐿

  𝑥𝜇−1  𝑥 + 𝑎 +  𝑥2 + 2𝑎𝑥 
–𝜆−𝑘𝑠

𝑑𝑥
∞

0

 𝑑𝑠 

 

By using (1.1.1) we have 

 

1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚,𝑛 𝑠 
𝑦−𝑠𝑘

𝜔−𝑠𝑘
𝐿

  𝑥𝜇−𝑘𝑠−1  𝑥 + 𝑎 +  𝑥2 + 2𝑎𝑥 
–(𝜆+𝑘𝑠)

𝑑𝑥
∞

0

  

 𝑥𝜇−𝑘𝑠−1
∞

0

 𝑥 + 𝑎 +  𝑥2 + 2𝑎𝑥 
−(𝜆+𝑘𝑠)

𝑑𝑥 = 2 𝜆 + 𝑘𝑠 𝑎−𝜆  
𝑎

2
 
𝜇−𝑘𝑠 Γ 2 𝜇 − 𝑘𝑠  Γ 𝜆 + 𝑘𝑠 − 𝜇 + 𝑘𝑠 

Γ 1 + 𝜆 + 𝑘𝑠 + 𝜇 − 𝑘𝑠 
 

= 2𝑎−(𝜆+𝑘𝑠)  
𝑎

2
 
𝜇−𝑘𝑠 Γ 2𝜇 − 2𝑘𝑠 Γ 𝜆 + 𝑘𝑠 + 1 Γ 𝜆 + 𝑘𝑠 − 𝜇 + 𝑘𝑠 

Γ 𝜆 + 𝑘𝑠 Γ 1 + 𝜆 + 𝑘𝑠 + μ 
 

= 2𝑎−𝜆  
𝑎

2
 
𝜇 1

2𝜋𝑖
 

(2𝑦)−𝑠𝑘

𝜔−𝑠𝑘
 
𝑎

2
 
−2𝑘𝑠

𝐿

𝐻𝑝,𝑞
𝑚 ,𝑛 𝑠  

Γ 2𝜇 − 2𝑘𝑠 Γ 𝜆 + 𝑘𝑠 + 1 Γ 𝜆 + 𝑘𝑠 − 𝜇 + 𝑘𝑠 

Γ 𝜆 + 𝑘𝑠 
 𝑑𝑠 

= 2𝑎−𝜆  
𝑎

2
 
𝜇 1

2𝜋𝑖
 

(2𝑦)−𝑠𝑘

𝜔−𝑠𝑘
 
𝑎

2
 
−2𝑘𝑠

𝐿

𝐻𝑝,𝑞
𝑚 ,𝑛 𝑠  

Γ 2𝜇 − 2𝑘𝑠 Γ 𝜆 + 𝑘𝑠 + 1 Γ 𝜆 + 𝑘𝑠 − 𝜇 + 𝑘𝑠 

Γ 𝜆 + 𝑘𝑠 
 𝑑𝑠 

=
2𝑎−𝜆

Γ 1 + 𝜆 + 𝜇 
 
𝑎

2
 
𝜇

𝐻𝑝+2,𝑞+3
𝑚,𝑛+1  

(2𝑦)𝑘

𝜔𝑘
 
𝑎

2
 

2𝑘

| 
 −𝜆, −𝑘 ,  𝜆, 𝑘 ,  𝑎𝑖 , 𝛼𝑖 1

𝑝

 −1,0 ,  2𝜇, −2𝑘 ,  𝜆 − 𝜇, 2𝑘 ,  𝑏𝑗 , 𝛽𝑗  1

𝑞  

 

This complete the prove of the Theorem. 

 

Our next result is depending on formula 1.1.2, which is as follows, 

 

Theorem1.2.3:  Show  

that  𝑥𝛼−1 1 − 𝑥 𝛽−1 𝑎 + 𝑏𝑥 −𝛼−𝛽𝐻𝑝,𝑞
𝑚 ,𝑛  

𝑦𝑘  1−𝑥 𝑘

𝜔𝑘  𝑎+𝑏𝑥  𝑘
| 
 𝑎𝑖 , 𝛼𝑖 1

𝑝

 𝑏𝑗 , 𝛽𝑗  1

𝑞 
∞

0
𝑑𝑥 =

 
1

 𝑎+𝑏 𝛼𝑎𝛽
𝐻𝑝+2,𝑞+2
𝑚 ,𝑛+2  

𝑦𝑘

𝑎𝑘𝜔𝑘
| 

 1 − 𝛼, 0 ,  1,0 ,  𝑎𝑖 , 𝛼𝑖 1
𝑝

 𝛽, −𝑘 ,  −1 − 𝛼 − 𝛽, 𝑘  𝑏𝑗 , 𝛽𝑗  1

𝑞   (1.2.3.1)   

 

The convergence conditions for the validity of (1.2.3.1) are as follows, 

 

i. 0 ≤ 𝑚 ≤ 𝑞, 0 ≤ 𝑝 ≤ 𝑛  for 𝑎𝑖 , 𝑏𝑗 , 𝜆, 𝜇 ∈ 𝐶  and 𝛼𝑖 , 𝛽𝑗 ∈ 𝑅
+  and 𝑖 ∈  1,2, …… . 𝑝 , 𝑗 ∈  1,2, …… . 𝑞   with 0 <

𝑅𝑒 𝜇 < 𝑅𝑒 𝜆 − 𝑠𝑘  and 𝑘 > 0;  𝑥 > 0. 

ii. 𝐿 =  𝐿𝑖𝛾∞is a contour starting at the point 𝛾 − 𝑖∞and going to 𝛾 + 𝑖∞where 𝛾 ∈ 𝑅 −∞, +∞  such that all the poles 

of Γ 𝑏𝑗 + 𝛽𝑗 𝑠 𝑗 ∈  1,2, …… .𝑚 are  separated from those of Γ 1 − 𝑎𝑖 − 𝛼𝑖𝑠  , 𝑖 ∈  1,2, …… . 𝑛 , The integral 

converges if 𝛼 > 0,  arg 𝑧 <
1

2
𝜋𝛼, 𝛼 ≠ 0.  The integral also converges if 𝜎 = 0, 𝛾𝜇 + 𝑅𝑒 𝛿 < −1, arg 𝑧 = 0 and 

𝑧 ≠ 0 where  𝜎 =  Σ𝑗=1
𝑛 𝛼𝑗 − Σ𝑗=𝑛+1

𝑝
𝛼𝑗 + Σ𝑗=1

𝑚 𝛽𝑗 − Σ𝑗=𝑚+1
𝑞

𝛽𝑗 . 

iii. 𝑅𝑒 𝜇 >  0, 𝑅𝑒 𝜇 + 𝑘min 1≤𝑗≤𝑚 𝑅𝑒  
𝑏𝑗

𝛽𝑗
 > max 0,  𝜆 − 𝑠𝑘  . 

 

Proof: We know that,  

𝐻𝑝,𝑞
𝑚,𝑛  𝑧| 

 𝑎𝑖 , 𝛼𝑖 1
𝑝

 𝑏𝑗 , 𝛽𝑗  1

𝑞  =
1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠 𝑧−𝑠𝑑𝑠
𝐿

 

where 𝐻 𝑠  is given by 

𝐻𝑝,𝑞
𝑚 ,𝑛 𝑠  =

 Γ 𝑏𝑗 + 𝛽𝑗 𝑠 
𝑚
𝑗=1  Γ 1 − 𝑎𝑗 − 𝛼𝑖𝑠 

𝑛
𝑖=1

 Γ 1 − 𝑏𝑗 − 𝛽𝑗 𝑠 
𝑞
𝑗=𝑚+1

 Γ 𝑎𝑗 + 𝛼𝑖𝑠 
𝑝
𝑖=𝑛+1

 

On taking LHS of (1.2.3.1) we have 

 𝑥𝛼−1 1 − 𝑥 𝛽−1 𝑎 + 𝑏𝑥 −𝛼−𝛽𝐻𝑝,𝑞
𝑚 ,𝑛  

𝑦𝑘 1 − 𝑥 𝑘

𝜔𝑘  𝑎 + 𝑏𝑥 𝑘
| 
 𝑎𝑖 , 𝛼𝑖 1

𝑝

 𝑏𝑗 , 𝛽𝑗  1

𝑞 
∞

0

𝑑𝑥 = 
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 𝑥𝛼−1 1 − 𝑥 𝛽−1 𝑎 + 𝑏𝑥 −𝛼−𝛽  
1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠  
𝑦𝑘 1 − 𝑥 𝑘

𝜔𝑘  𝑎 + 𝑏𝑥 𝑘
 

−𝑠

𝑑𝑠
𝐿

 
∞

0

𝑑𝑥 

 

By change of order of integration, we have 

 

1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠 
𝑦−𝑠𝑘

𝜔−𝑠𝑘
𝐿

  𝑥𝛼−1 1 − 𝑥 𝛽−𝑘𝑠−1 𝑎 + 𝑏𝑥 −𝛼−(𝛽−𝑘𝑠)𝑑𝑥
∞

0

 𝑑𝑠 

 

By using (1.1.2) we have 

1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠 
𝑦−𝑠𝑘

𝜔−𝑠𝑘
𝐿

 
1

 𝑎 + 𝑏 𝛼𝑎𝛽−𝑘𝑠
𝐵 𝛼, 𝛽 − 𝑘𝑠  𝑑𝑠 

1

 𝑎 + 𝑏 𝛼𝑎𝛽
1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚,𝑛 𝑠 
𝑦−𝑠𝑘

(𝑎𝜔)−𝑠𝑘𝐿

ΓαΓ(β − ks) 

Γ α + β − ks 
𝑑𝑠 

=  
1

 𝑎 + 𝑏 𝛼𝑎𝛽
𝐻𝑝+2,𝑞+2
𝑚 ,𝑛+2  

𝑦𝑘

𝑎𝑘𝜔𝑘
| 

 1 − 𝛼, 0 ,  1,0 ,  𝑎𝑖 , 𝛼𝑖 1
𝑝

 𝛽, −𝑘 ,  −1 − 𝛼 − 𝛽, 𝑘  𝑏𝑗 , 𝛽𝑗  1

𝑞  

 

This complete the prove of the Theorem. 

 

Theorem1.2.4: Show that  

 

 𝑥𝛼−1 𝑎 + 𝑏𝑥 −𝛼−𝛽𝐻𝑝,𝑞
𝑚 ,𝑛  

𝑦𝑘𝑥𝑘

𝜔𝑘  𝑎+𝑏𝑥  𝑘
| 
 𝑎𝑖 , 𝛼𝑖 1

𝑝

 𝑏𝑗 , 𝛽𝑗  1

𝑞 
∞

0
𝑑𝑥 =  

1

 𝑎+𝑏 𝛼𝑎𝛽
𝐻𝑝+2,𝑞+2
𝑚,𝑛+2  

𝑦𝑘

𝑏𝑘𝜔𝑘
| 

 1 − 𝛼, 0 ,  1,0 ,  𝑎𝑖 , 𝛼𝑖 1
𝑝

 𝛽, 0 ,  1 − 𝛼 − 𝛽, 𝑘  𝑏𝑗 , 𝛽𝑗  1

𝑞   (1.2.4.1)  

 

The convergence conditions for the validity of (1.2.4.1) are as follows, 

 

i. 0 ≤ 𝑚 ≤ 𝑞, 0 ≤ 𝑝 ≤ 𝑛  for 𝑎𝑖 , 𝑏𝑗 , 𝜆, 𝜇 ∈ 𝐶  and 𝛼𝑖 , 𝛽𝑗 ∈ 𝑅
+  and 𝑖 ∈  1,2, …… . 𝑝 , 𝑗 ∈  1,2, …… . 𝑞   with 0 <

𝑅𝑒 𝜇 < 𝑅𝑒 𝜆 − 𝑠𝑘  and 𝑘 > 0;  𝑥 > 0. 

ii. 𝐿 =  𝐿𝑖𝛾∞is a contour starting at the point 𝛾 − 𝑖∞and going to 𝛾 + 𝑖∞where 𝛾 ∈ 𝑅 −∞, +∞  such that all the poles 

of Γ 𝑏𝑗 + 𝛽𝑗 𝑠 𝑗 ∈  1,2, …… .𝑚 are  separated from those of Γ 1 − 𝑎𝑖 − 𝛼𝑖𝑠  , 𝑖 ∈  1,2, …… . 𝑛 , The integral 

converges if 𝛼 > 0,  arg 𝑧 <
1

2
𝜋𝛼, 𝛼 ≠ 0.  The integral also converges if 𝜎 = 0, 𝛾𝜇 + 𝑅𝑒 𝛿 < −1, arg 𝑧 = 0 and 

𝑧 ≠ 0 where  𝜎 =  Σ𝑗=1
𝑛 𝛼𝑗 − Σ𝑗=𝑛+1

𝑝
𝛼𝑗 + Σ𝑗=1

𝑚 𝛽𝑗 − Σ𝑗=𝑚+1
𝑞

𝛽𝑗 . 

iii. 𝑅𝑒 𝜇 >  0, 𝑅𝑒 𝜇 + 𝑘min 1≤𝑗≤𝑚 𝑅𝑒  
𝑏𝑗

𝛽𝑗
 > max 0,  𝜆 − 𝑠𝑘  . 

 

Proof: We know that,  

 

𝐻𝑝,𝑞
𝑚,𝑛  𝑧| 

 𝑎𝑖 , 𝛼𝑖 1
𝑝

 𝑏𝑗 , 𝛽𝑗  1

𝑞  =
1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠 𝑧−𝑠𝑑𝑠
𝐿

 

where 𝐻 𝑠  is given by 

𝐻𝑝,𝑞
𝑚 ,𝑛 𝑠  =

 Γ 𝑏𝑗 + 𝛽𝑗 𝑠 
𝑚
𝑗=1  Γ 1 − 𝑎𝑗 − 𝛼𝑖𝑠 

𝑛
𝑖=1

 Γ 1 − 𝑏𝑗 − 𝛽𝑗 𝑠 
𝑞
𝑗=𝑚+1

 Γ 𝑎𝑗 + 𝛼𝑖𝑠 
𝑝
𝑖=𝑛+1

 

 

On taking LHS of (1.2.4.1) we have 

 

 𝑥𝛼−1 𝑎 + 𝑏𝑥 −𝛼−𝛽𝐻𝑝,𝑞
𝑚 ,𝑛  

𝑦𝑘𝑥𝑘

𝜔𝑘 𝑎 + 𝑏𝑥 𝑘
| 
 𝑎𝑖 , 𝛼𝑖 1

𝑝

 𝑏𝑗 , 𝛽𝑗  1

𝑞 
∞

0

𝑑𝑥 = 

 𝑥𝛼−1 𝑎 + 𝑏𝑥 −𝛼−𝛽  
1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚,𝑛 𝑠  
𝑦𝑘𝑥𝑘

𝜔𝑘 𝑎 + 𝑏𝑥 𝑘
 

−𝑠

𝑑𝑠
𝐿

 
∞

0

𝑑𝑥 
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By change of order of integration, we have 

 

1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠 
𝑦−𝑠𝑘

𝜔−𝑠𝑘
𝐿

  𝑥𝛼−𝑘𝑠−1 𝑎 + 𝑏𝑥 − 𝛼−𝑘𝑠 −𝛽𝑑𝑥
∞

0

 𝑑𝑠 

 

By using (1.1.3) we have 

1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠 
𝑦−𝑠𝑘

𝜔−𝑠𝑘
𝐿

 
1

𝑎𝛽𝑏𝛼−𝑘𝑠
𝐵 𝛼 − 𝑘𝑠, 𝛽  𝑑𝑠 

1

𝑏𝛼𝑎𝛽
1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠 
𝑦−𝑠𝑘

(𝑏𝜔)−𝑠𝑘𝐿

Γ 𝛼 − 𝑘𝑠 Γ(β) 

Γ α + β− ks 
𝑑𝑠 

=  
1

 𝑎 + 𝑏 𝛼𝑎𝛽
𝐻𝑝+2,𝑞+2
𝑚 ,𝑛+2  

𝑦𝑘

𝑏𝑘𝜔𝑘
| 

 1 − 𝛼, 0 ,  1,0 ,  𝑎𝑖 , 𝛼𝑖 1
𝑝

 𝛽, 0 ,  1 − 𝛼 − 𝛽, 𝑘  𝑏𝑗 , 𝛽𝑗  1

𝑞  

 

This complete the prove of the Theorem. 

 

By using 1.1.4, we prove our next result, which is as follows, 

 

Theorem1.2.5:  Show that   

 𝑥𝛼−1 1 − 𝑥 𝛽−1 𝑎 + 𝑏𝑥 −𝛼−𝛽𝐻𝑝,𝑞
𝑚 ,𝑛  

𝑦𝑘 1−𝑥 𝑘

𝜔𝑘  𝑎+𝑏𝑥  𝑘
| 
 𝑎𝑖 , 𝛼𝑖 1

𝑝

 𝑏𝑗 , 𝛽𝑗  1

𝑞 
∞

0
𝑑𝑥 =

 
1

 𝑎+𝑏 𝛼𝑎𝛽

 
 
 

 
 𝐻𝑝+2,𝑞+2

𝑚 ,𝑛+2  
𝑦𝑘

𝑎𝑘𝜔𝑘
| 

 −𝛼, 0 ,  1,0 ,  𝑎𝑖 , 𝛼𝑖 1
𝑝

 𝛽, −𝑘 ,  −𝛼 − 𝛽, 𝑘  𝑏𝑗 , 𝛽𝑗  1

𝑞 

+  𝐻𝑝+2,𝑞+2
𝑚 ,𝑛+2  

𝑦𝑘

𝑎𝑘𝜔𝑘
| 

 −𝛽, 𝑘 ,  1,0 ,  𝑎𝑖 , 𝛼𝑖 1
𝑝

 𝛼, 0 ,  −𝛼 − 𝛽, 𝑘  𝑏𝑗 , 𝛽𝑗  1

𝑞 
 
 
 

 
 

  (1.2 .1.1)  

 

The convergence conditions for the validity of (1.2.1.1) are as follows, 

 

iv. 0 ≤ 𝑚 ≤ 𝑞, 0 ≤ 𝑝 ≤ 𝑛  for 𝑎𝑖 , 𝑏𝑗 , 𝜆, 𝜇 ∈ 𝐶  and 𝛼𝑖 , 𝛽𝑗 ∈ 𝑅
+  and 𝑖 ∈  1,2, …… . 𝑝 , 𝑗 ∈  1,2, …… . 𝑞   with 0 <

𝑅𝑒 𝜇 < 𝑅𝑒 𝜆 − 𝑠𝑘  and 𝑘 > 0;  𝑥 > 0. 

v. 𝐿 =  𝐿𝑖𝛾∞is a contour starting at the point 𝛾 − 𝑖∞and going to 𝛾 + 𝑖∞where 𝛾 ∈ 𝑅 −∞, +∞  such that all the poles 

of Γ 𝑏𝑗 + 𝛽𝑗 𝑠 𝑗 ∈  1,2, …… .𝑚 are  separated from those of Γ 1 − 𝑎𝑖 − 𝛼𝑖𝑠  , 𝑖 ∈  1,2, …… . 𝑛 , The integral 

converges if 𝛼 > 0,  arg 𝑧 <
1

2
𝜋𝛼, 𝛼 ≠ 0.  The integral also converges if 𝜎 = 0, 𝛾𝜇 + 𝑅𝑒 𝛿 < −1, arg 𝑧 = 0 and 

𝑧 ≠ 0 where  𝜎 =  Σ𝑗=1
𝑛 𝛼𝑗 − Σ𝑗=𝑛+1

𝑝
𝛼𝑗 + Σ𝑗=1

𝑚 𝛽𝑗 − Σ𝑗=𝑚+1
𝑞

𝛽𝑗 . 

vi. 𝑅𝑒 𝜇 >  0, 𝑅𝑒 𝜇 + 𝑘min 1≤𝑗≤𝑚 𝑅𝑒  
𝑏𝑗

𝛽𝑗
 > max 0,  𝜆 − 𝑠𝑘  . 

 

Proof: We know that,  

 

𝐻𝑝,𝑞
𝑚 ,𝑛  𝑧| 

 𝑎𝑖 , 𝛼𝑖 1
𝑝

 𝑏𝑗 , 𝛽𝑗  1

𝑞  =
1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚,𝑛 𝑠 𝑧−𝑠𝑑𝑠
𝐿

  where 𝐻 𝑠  is given by 

𝐻𝑝,𝑞
𝑚 ,𝑛 𝑠  =

 Γ 𝑏𝑗 + 𝛽𝑗 𝑠 
𝑚
𝑗=1  Γ 1 − 𝑎𝑗 − 𝛼𝑖𝑠 

𝑛
𝑖=1

 Γ 1 − 𝑏𝑗 − 𝛽𝑗 𝑠 
𝑞
𝑗=𝑚+1

 Γ 𝑎𝑗 + 𝛼𝑖𝑠 
𝑝
𝑖=𝑛+1

 

On taking LHS of (1.2.1.1) we have 

 𝑥𝛼−1 1 − 𝑥 𝛽−1 𝑎 + 𝑏𝑥 −𝛼−𝛽𝐻𝑝,𝑞
𝑚 ,𝑛  

𝑦𝑘 1 − 𝑥 𝑘

𝜔𝑘  𝑎 + 𝑏𝑥 𝑘
| 
 𝑎𝑖 , 𝛼𝑖 1

𝑝

 𝑏𝑗 , 𝛽𝑗  1

𝑞 
∞

0

𝑑𝑥 = 

 𝑥𝛼−1 1 − 𝑥 𝛽−1 𝑎 + 𝑏𝑥 −𝛼−𝛽  
1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠  
𝑦𝑘 1 − 𝑥 𝑘

𝜔𝑘  𝑎 + 𝑏𝑥 𝑘
 

−𝑠

𝑑𝑠
𝐿

 
∞

0

𝑑𝑥 

By change of order of integration, we have 

1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠 
𝑦−𝑠𝑘

𝜔−𝑠𝑘
𝐿

  𝑥𝛼−1 1 − 𝑥 𝛽−𝑘𝑠−1 𝑎 + 𝑏𝑥 −𝛼−(𝛽−𝑘𝑠)𝑑𝑥
∞

0

 𝑑𝑠 
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By using (1.1.3) we have 

1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠 
𝑦−𝑠𝑘

𝜔−𝑠𝑘
𝐿

 
1

 𝑎 + 𝑏 𝛼𝑎𝛽−𝑘𝑠
𝐵 𝛼, 𝛽 − 𝑘𝑠  𝑑𝑠 

By using (1.1.4) we have 

 

1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚,𝑛 𝑠 
𝑦−𝑠𝑘

𝜔−𝑠𝑘
𝐿

 
1

 𝑎 + 𝑏 𝛼𝑎𝛽−𝑘𝑠
 𝐵 𝛼 + 1, 𝛽 − 𝑘𝑠 + 𝐵 𝛼, 1 + 𝛽 − 𝑘𝑠   𝑑𝑠 

1

 𝑎 + 𝑏 𝛼𝑎𝛽

 
 
 

 
 1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠 
𝑦−𝑠𝑘

(𝑎𝜔)−𝑠𝑘𝐿

Γ α + 1 Γ β − ks 

Γ 1 + α + β − ks 
𝑑𝑠

+
1

2𝜋𝑖
 𝐻𝑝,𝑞

𝑚 ,𝑛 𝑠 
𝑦−𝑠𝑘

(𝑎𝜔)−𝑠𝑘𝐿

ΓαΓ(1 + β− ks) 

Γ 1 + α + β − ks 
𝑑𝑠
 
 
 

 
 

 

=  
1

 𝑎 + 𝑏 𝛼𝑎𝛽

 
 
 

 
 𝐻𝑝+2,𝑞+2

𝑚,𝑛+2  
𝑦𝑘

𝑎𝑘𝜔𝑘
| 

 −𝛼, 0 ,  1,0 ,  𝑎𝑖 , 𝛼𝑖 1
𝑝

 𝛽, −𝑘 ,  −𝛼 − 𝛽, 𝑘  𝑏𝑗 , 𝛽𝑗  1

𝑞 

+  𝐻𝑝+2,𝑞+2
𝑚,𝑛+2  

𝑦𝑘

𝑎𝑘𝜔𝑘
| 

 −𝛽, 𝑘 ,  1,0 ,  𝑎𝑖 , 𝛼𝑖 1
𝑝

 𝛼, 0 ,  −𝛼 − 𝛽, 𝑘  𝑏𝑗 , 𝛽𝑗  1

𝑞 
 
 
 

 
 

 

This complete the prove of the Theorem. 
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