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Abstract: In the present study, we have calculated the high pressure properties, Grüneisen parameter and its 

volume derivatives of metals Cadmium, Zinc, Lanthanum and Hafnium using free volume theory. we have used 

some of the most reliable high pressure equation of state (EOS) to determine the thermo-elastic parameter and its 

higher order volume  derivatives based on the generalized free volume theory. We have used two EOS`s (a) Stacey 

Reciprocal K-primed EOS, (b) Kushwah Logarithmic EOS to find the Gru ̈neisen parameter and its volume 

derivatives for metals at different values of compression from (1.0 to 0.5).The results for thermo-elastic parameters 

show systematic variations. 

 

Keywords: Equation of State, Pressure, Bulk Modulus , Gru ̈neisen parameter , Metals and Thermo-elastic 

properties. 

 

 

 

1. Introduction 
 

Studies on equation of state (EOS) are of central importance for predicting thermo elastic properties of materials at high 

pressures1-3. The Gru neisen parameter (𝛾) provides a useful link between thermal and elastic properties 4-6. The Gru neisen 

parameter 𝛾 and its volume derivatives q and λ can be determined with help of pressure derivatives of bulk modulus7,8 using 

the free volume theory. The volume variation of Gru neisen parameter (𝛾) is very important in theoretical equation of state, 

geophysical models, ultrasonic measurements and melting of solids. The Gru neisen parameter (𝛾) has considerable appeal 

to geophysicists because it is an approximately constant, dimensionless parameter that varies slowly as a function of 

pressure and temperature9. In the present study, we determine the Gru neisen parameter 𝛾 and its volume derivatives q and λ 

for metals Cadmium (Cd), Zinc (Zn), Lanthanum (La) and Hafnium (Hf) at different values of compression down to V/V0 

(1.0 to 0.5). 

 

We have used the Stacey reciprocal K- primed 11 and Kushwah generalized logarithmic EOS12. These EOS have been found 

to satisfy thermodynamic constraints for material. The results have been found to good agreement with the stacey EOS12,13. 

The free volume theory has been applied successfully by Holzapfel et al.14 to investigate the volume dependence of 𝛾 in 

case of different metals. The free volume theory is based on the fundamental relationship between thermal pressure and 

thermal energy and therefore it is applicable for metals. 

 

2. Theory 

 

The most important parameters providing connection between thermal and elastic properties is the Gru neisen parameter 1 
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Where 𝛼 is the thermal expansivity, 𝜌 is density, KT and KS are isothermal and adiabatic bulk moduli, CV  and CP  are 

specific heats at constant volume and constant pressure, respectively. The higher order Gru neisen parameters are defined as 
3,7 
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According to the generalized free volume theory 2,10, we have the following expression for the Gru neisen parameter 
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It can also be written as 
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Where  

         K   = bulk modulus 

 K    = first derivative of bulk modulus 

        K   = second derivative of bulk modulus 
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The following expressions are obtained from the differentiation of eq. (4) 
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Where the pressure derivatives of ε obtained from eq. (5) as follows 
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Values of dPd /  and 
22 / dPd   appearing in eq.’s (6) and (7) can be determined by differentiating eq.(11) with respect 

to pressure P by taking a constant value of parameter f for different metals. It is evident from eq.’s (4)-(11) that the basic 

quantities we need for determining , q and  at different pressures are the bulk modulus and its pressure derivatives up to 
third order. For this purpose we use two different equations of State. The equations of State used in the present study are 
given below 

 

(a)  Stacey reciprocal K-primed EOS
15
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The expression for bulk modulus K and higher order pressure derivatives of bulk modulus can be obtained by successive 
differentiation of eq. (12) which are given below: 

 

     












 


KK

K

PK
KK

/

0

0

1                                                                                               (13)                                                         

    
K

P

K

K

KK 





















00

1
11

                                                                                                                (14) 

    

  

























 

 K
K

P

K

K
KKK

K

K
KK 11

0

2

0

2

                                                                 (15)   

 

        KKK
K

KKK
KKKKK

K

K
KK 









  3223 0

0

02

0

3
2                                                     (16) 

    0

22

K

K
K

KK

KK























                                                                                                             (17) 

 

(b)  Kushwah logarithmic EOS
16 
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The constant B1, B2 and B3 can be calculated by applying boundary conditions P=0, V=V0 . The expressions for bulk 
modulus K and higher order pressure derivatives of bulk modulus can be obtained by successive differentiation of eq. (18) 

which are given below: 

               
     2

321

1

2ln32ln2
2

xBxBB
x

x
PKK

K








                                      (19) 



International Journal of Enhanced Research in Science Technology & Engineering, ISSN: 2319-7463 
Vol. 4 Issue 1, January-2015, pp: (55-61), Impact Factor: 1.252, Available online at: www.erpublications.com 

 

Page | 58  

 

 

             
 

   
























 12ln3

22

2
2 32

22

xBB
xK

x

K

PK

xK

PK
KK

K

                                      (20) 

            
 

 
  


















 




 2

222

2

42

2

6
33

x

x

x

K
K

K

PK
KKKKKK

                                                 

                                           
 

 
   3

3

3

2

6

2

4
36

2

2

xK

xB

x

x
KK

x

K






















               (21)                       

   
 
  























 











 

 2

22

2

42

2

6
1

2

2
3

x

x

x

K
K

K

KP
K

x
KKKKKK

                         

                               
 

 
   

 
 






























 



x

x
KK

x

x

x

x
K

xK

PxK

2

6
36

2

2

2

6
3

2

2
2

 

                           











 

 

x
KK

xK

xB
K

2

6

2

6
3

3

3                                                                   (22) 

          

1
2

















K
KK

KK
 

In Stacey and Kushwah logarithmic EOS, values of 
K  are substantially higher than 5/3. These both equations yield 

almost identical results. We compare the results  andq,  determine from the Stacey EOS with Kushwah 

logarithmic EOS. We have thus studied the Grüneisen gamma and its higher order derivatives q and . These thermo-elastic 
parameters are directly related to the pressure derivatives of bulk modulus up to third order. The expressions based on the 

Stacey EOS and the Kushwah logarithmic EOS satisfy the infinite pressure conditions viz 
2,KK 0,K 0K K K


       and the ratio   KKKK /2  is finite7 for both the EOS under study.  

 

We make use of these equations to calculate the values of 𝛾, q and 𝝀 at different values of compressions. The fundamental 

relationship between thermal pressure and thermal energy and therefore it is applicable for metals. 
 

3. Results and Discussions 

      

Values of input parameters used in the present calculations are given in Table 114,15,16
. 

 
Table 1: Values of input for different metals at room temperature and zero pressure 

14,15,16 

 

 

 

 

 

 

 

 

 

 

 
 

Table 2: Values of pressure P, bulk modulus K, pressure derivatives of bulk modulus 𝐊′ ,𝐊𝐊″  and 𝐊𝟐𝐊‴  for the different metals 

calculated from (a) Stacey EOS, (b) Kushwah logarithmic EOS. 

Metals   Cd   Zn   La    Hf 

0K  47.30 61.46 24.62 108.95 

0K   4.08 3.26 2.82 0.59 

K
  2.45 1.96 1.72 0.35 

0 0K K   -6.66 -4.25 -3.27 -0.14 
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Metals V/V0 P  K       K′  

 

   KK″  

               

  K2K‴  

 

  (a) (b) (a) (b) (a) (b) (a) (b) (a) (b) 

 1.00 0.00 0.00   47.30   47.30 4.08 4.08 -6.66 -6.66 76.07 77.88 

 0.95 2.69 2.69   57.86   57.86 3.79 3.79 -4.74 -4.64 46.50 47.74 

 0.90 6.16 6.16   70.58   70.61 3.57 3.58 -3.51 -3.36 30.44 30.64 

 0.85 10.62 10.63   86.11   86.21 3.40 3.42 -2.68 -2.50 20.92 20.45 

 0.80 16.41 16.43 105.32 105.60 3.25 3.28 -2.09 -1.92 14.88 14.12 

Cd 0.75 23.96 24.01 129.41 130.05 3.13 3.17 -1.65 -1.50 10.87 10.06 

 0.70 33.92 34.03 160.05 161.35 3.03 3.08 -1.31 -1.19  8.09  7.36 

 0.65 45.20 47.44 199.70 202.12 2.94 3.00 -1.05 -0.96  6.10  5.50 

 0.60 62.20 65.71 251.98 256.27 2.87 2.93 -0.85 -0.79  4.65  4.20 

 0.55 90.08 91.09 322.45 329.83 2.80 2.87 -0.68 -0.64  3.56  3.24 

 0.50 125.30 127.21 419.96 432.42 2.74 2.81 -0.55 -0.53  2.73  2.53 

 1.00 0.00 0.00   61.46   61.46 3.26 3.26 -4.25 -4.25 38.80 38.55 

 0.95 3.43 3.43   72.28   72.28 3.07 3.07 -3.22 -3.21 25.97 26.32 

 0.90 7.67 7.67   84.96   84.96 2.92 2.92 -2.51 -2.48 18.16 18.43 

 0.85 12.95 12.95   99.99 100.01 2.79 2.79 -1.99 -1.94 13.12 13.21 

 0.80 19.54 19.55 118.01 118.06 2.68 2.69 -1.60 -1.55  9.72  9.65 

Zn 0.75 27.85 27.86 139.87 140.00 2.59 2.60 -1.30 -1.24  7.33  7.18 

 0.70 38.40 38.43 166.73 167.02 2.51 2.52 -1.06 -1.01  5.61  5.42 

 0.65 51.97 52.02 200.23 200.80 2.44 2.45 -0.87 -0.83  4.34  4.15 

 0.60 69.65 69.77 242.69 243.74 2.37 2.39 -0.72 -0.68  3.38  3.21 
 0.55 93.08 93.32 297.57 299.41 2.32 2.34 -0.59 -0.57  2.64  2.50 

 0.50 124.80 125.26 370.12 373.25 2.26 2.29 -0.49 -0.47  2.07  1.96 

 1.00 

      

0.00      0.00   24.62   24.62 2.86 2.86 -3.27 -3.27 26.20 23.77 

 0.95 

      

1.36 

      

1.36   28.40   28.40 2.71 2.71 -2.56 -2.63 18.35 18.00 

 0.90 

      

3.01 

      

3.01   32.77   32.76 2.59 2.58 -2.04 -2.12 13.29 13.63 

 0.85 

      

5.03 

      

5.03   37.87   37.85 2.48 2.47 -1.65 -1.71  9.87 10.35 

 0.80 

      

7.50 

      

7.50   43.90   43.84 2.39 2.38 -1.35 -1.39  7.48  7.89 

La 0.75 

     

10.56 

     

10.55   51.10   50.98 2.31 2.30 -1.12 -1.13  5.75  6.04 

 0.70 

     

14.38 

     

14.36   59.79   59.59 2.24 2.23 -0.93 -0.93  4.47  4.64 

 0.65 

     

19.20 

     

19.16   70.43   70.11 2.18 2.17 -0.77 -0.76  3.51  3.59 

 0.60 

     

25.35 

     

25.28   83.66   83.19 2.12 2.11 -0.64 -0.63  2.77  2.78 

 0.55 

     

33.34 

     

33.22 100.41   99.73 2.07 2.06 -0.54 -0.52  2.19  2.17 

 0.50 43.91 43.71 122.07 121.10 2.03 2.02 -0.45 -0.43  1.74  1.69 

 1.00 

       

0.00 

       

0.00 108.95 108.95 0.59 0.59 -0.14 -0.14  0.23 -21.10 

 0.95 

       

5.67 

       

5.67 112.28 112.23 0.58 0.56 -0.13 -0.88  0.21 -8.52 

 0.90 

      

11.84 

      

11.83 115.85 115.52 0.58 0.50 -0.12 -1.17  0.20 -1.95 

 0.85             119.71 118.66 0.57 0.44 -0.12 -1.21  0.18  1.17 
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Table 3: Values of Gr𝐮 neisen parameter (𝛾) and higher order volume derivatives of the Gr𝐮 neisen parameter (q and 𝝀) for the 

different metals calculated from (a)  Stacey EOS, (b) Kushwah logarithmic EOS. 

 

 

Metals 

           

V/V0 
       𝛾  q                                                                  

  

            

(a) 

          

(b) 

          

(a) 

          

(b) 

          

(a)   (b) 

 1.00 1.21 1.21 1.24 1.24 7.42 8.02 

 0.95 1.15 1.15 0.87 0.82 6.67 8.14 
 0.90 1.10 1.11 0.61 0.53 6.24 8.36 

 0.85 1.07 1.08 0.43 0.32 6.02 8.74 

 0.80 1.05 1.07 0.30 0.20 6.02 9.45 

Cd 0.75 1.03 1.06 0.20 0.10 6.24 10.91 

 0.70 1.02 1.05 0.13 0.04 6.82 14.84 

 0.65 1.01 1.05 0.07 0.01 8.15 43.40 

 0.60 1.01 1.05 0.03 -0.01 11.97 -13.88 

 0.55 1.01 1.05 0.01 -0.02 50.89 -2.62 

 0.50 1.01 1.05 -0.01 -0.02 -10.94 0.16 

 1.00 0.80 0.80 1.05 1.05 6.13 5.98 

 0.95 0.76 0.76 0.78 0.77 5.77 6.17 

 0.90 0.74 0.74 0.57 0.55 5.63 6.48 
 0.85 0.72 0.72 0.41 0.37 5.69 7.01 

 0.80 0.70 0.71 0.29 0.24 6.01 7.96 

Zn 0.75 0.69 0.70 0.19 0.13 6.75 10.00 

 0.70 0.68 0.69 0.12 0.06 8.42 16.41 

 0.65 0.68 0.69 0.05 -0.00 13.46 -3651.57 

 0.60 0.68 0.69 0.00 -0.04 123.73 -9.86 

 0.55 0.68 0.69 -0.03 -0.07 -10.77 -3.51 

 0.50 0.68 0.69 -0.06 -0.08 -3.90 -1.47 

 1.00 0.60 0.60 1.03 1.03 5.22 3.26 

 0.95 0.57 0.57 0.80 0.86 4.98 3.73 

 0.90 0.55 0.55 0.61 0.70 4.90 4.16 

 0.85 0.54 0.53 0.46 0.54 4.97 4.64 

 0.80 0.52 0.51 0.34 0.40 5.25 5.27 
La 0.75 0.51 0.50 0.24 0.28 5.86 6.24 

 0.70 0.51 0.50 0.15 0.17 7.14 8.08 

 0.65 0.50 0.49 0.08 0.08 10.44 13.29 

 0.60 0.50 0.49 0.02 0.01 30.54 134.13 

18.57 18.53 

 0.80 

      

25.96 

      

25.81 123.88 121.57 0.56 0.36 -0.11 -1.13  0.17  2.42 

Hf 0.75 

      

34.10 

      

34.74 128.43 124.18 0.56 0.30 -0.11 -0.98  0.15  2.71 

 0.70 
      
43.13 

      
42.39 133.41 126.46 0.55 0.23 -0.10 -0.81  0.14  2.55 

 0.65 

      

53.22 

      

51.84 138.91 128.40 0.54 0.18 -0.09 -0.65  0.13  2.20 

 0.60 

      

64.58 

      

62.18 145.01 130.02 0.53 0.13 -0.09 -0.50  0.12  1.81 

 0.55 

      

77.49 

      

73.56 151.86 131.32 0.53 0.10 -0.08 -0.36  0.11  1.44 

 0.50 

      

92.33 

      

86.13 159.62 132.36 0.52 0.10 -0.08 -0.24  0.10  1.12 
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 0.55 0.50 0.49 -0.03 -0.05 -17.53 -10.79 

 0.50 0.50 0.49 -0.07 -0.10 -5.29 -3.98 

 1.00 -0.54 -0.54 -1.05 -1.05 -0.97 -19.72 

 0.95 -0.57 -0.58 -1.11 -1.80 -1.05 -5.29 

 0.90 -0.61 -0.65 -1.18 -2.14 -1.13 -1.67 

 0.85 -0.65 -0.74 -1.26 -2.26 -1.23 -0.52 

 0.80 -0.70 -0.85 -1.36 -2.31 -1.35 -0.35 
Hf 0.75 -0.77 -0.98 -1.49 -2.39 -1.49 -0.66 

 0.70 -0.86 -1.17 -1.66 -2.55 -1.68 -1.25 

 0.65 -0.98 -1.42 -1.90 -2.87 -1.93 -2.04 

 0.60 -1.16 -1.83 -2.25 -3.53 -2.29 -3.14 

 0.55 -1.44 -2.63 -2.81 -4.98 -2.86 -4.97 

 0.50 -1.97 -5.03 -3.86 -9.66 -3.93 -9.95 

 

4. CONCLUSION 

  The results for metals Cd, Zn, La and Hf for the calculation of Gr𝐮 neisen parameter  and its volume derivatives (q and ) 
are identical from both the equations. 
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