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Abstract: This paper presents comparison of the time specification performance between two controllers for an 

inverted pendulum system. The objective is to determine the control strategy that delivers better performance 

with respect to pendulum's angle and cart's position. The inverted pendulum represents a challenging control 

problem, which continually moves toward an uncontrolled state. The problem is to balance a pole on a mobile 

platform that can move in only two directions, to the left or to the right. A Linear-Quadratic-Regulator (LQR) 

and a pole placement technique for controlling the linearized system of inverted pendulum model are presented 

and compared. Simulation studies conducted in MATLAB environment show that both the controllers are 

capable of controlling the multi output inverted pendulum system successfully. The result shows that pole 

placement technique gives better response compared to LQR control strategies. 
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 هقارنة الونظن الترتيعي الخطي وتحكن وضعية القطة لاستقرارية نظام الثندول الوقلوب

الولخص 

انهذف هى رحذيذ سزشاريجيخ انسيطشح انزي رىصم انى أداء افضم َسجخ انى . هزا انجحث يًثم يقبسَخ سهىك يحذد صيُي ثيٍ يسيطشيٍ نُظبو ثُذول يعكىس

انًشكهخ هي نزحقيق انزىاصٌ . وانزي رزحشك ثبسزًشاس َحى حبنخ غيش انًُضجط انجُذول انًعكىس يًثم يشكهخ انزحكى انصعجخ. صاويخ انجُذول وعشثخ انًىقف

يسزخذو انًُظى انخطي انًزعبيذ ورقُيخ يُظى رخصيص  ثيٍ قطت عهى يُصخ يزحشكخ انزي يًكٍ أٌ رزحشك في ارجبهيٍ فقط، إنى انيسبس أو إنى انيًيٍ

انذساسبد انزًثيهيخ في ثيئخ انًبرلاة ثيُذ ثبٌ كلا انًسيطشاد يسزطيع أٌ يسيطش عهى . نهسيطشح عهى ًَىرج  ثُذول يعكىس رى رًثيههب ويقبسَزهب الأقطبة

انُزيجخ رجيٍ ثأٌ رقُيخ يُظى رخصيص الأقطبة رعطي اسزجبثخ أفضم يٍ سزشاريجيخ سيطشح انًُظى انخطي انًزعبيذ  . عذح اخشاجبد نهجُذول انًعكىس ثُجبح

 . 

I. Introduction 

 

An Inverted Pendulum System (IPS) is one of the most well known equipment in the field of control systems theory. It 

is inexpensive and can be easily built and installed in laboratories for control education purposes or for research 

applications. The inverted pendulum system is a nonlinear problem, which has been considered by many researchers, 

most of which have used linearization theory in their control schemes. In general, the control of this system by classical 

methods is a difficult task This is mainly because this is a nonlinear problem with two degrees of freedom (i.e. the 

angle of the inverted pendulum and the position of the cart), and only one control input [3].Inverted Pendulum is a very 

good model for the attitude control of a space booster rocket and a satellite, an automatic aircraft landing system, 

aircraft stabilization in the turbulent air-flow, stabilization of a cabin in a ship etc. To solve such problem with non-

linear time variant system, there are alternatives such as real time computer simulation of these equations or 

linearization. However, it also has its own deficiency due to its principles, highly non-linear and open loop unstable 

system; causing the pendulum to fall over quickly whenever the system is simulated due to the failure of standard linear 

techniques to model the non-linear dynamics of the system [1].The common control approaches such as the linear 

quadratic regulator (LQR) control and pole placement technique. To overcome the problem of this system requires a 

good knowledge of the system and accurate tuning to obtain good performance [2]. This paper presents investigations 

of performance comparison between modem control (LQR) and pole placement technique for an inverted pendulum 

system. Performance of both control strategies with respect to pendulum's angle and cart's position is examined. 

Comparative assessment of both control schemes to the system performance is presented and discussed. 

 

II. Problem Statement 

 

a- To model the Inverted Pendulum system and linearizing the model for the operating range. 

b- To design LQR and a pole placement controller for the linearized system under consideration. 

c- To make comparison between the proposed controllers. 
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III. System Description 

 

This section provides the modeling of the inverted pendulum system, as a basis of a simulation environment for 

development and evaluation of both control schemes. The system consists of an inverted pole with mass, m, hinged by 

an angle Ɵ from vertical axis on a cart with mass, M, which is free to move in the x direction as shown in Figure.1. A 

force, F is required to push the cart horizontally. In order to obtain the dynamic model of the system, the following 

assumptions have been made:[3] 

 

 
Figure 1. Inverted pendulum system 

 

a) The system starts in a state of equilibrium meaning that the initial conditions are therefore assumed to be zero. 

b) The pendulum does not move more than a few degrees away from the vertical to satisfy a linear model. 

c)A step input is applied. The parameters of the system are given in Table 1. 

 
Table 1. Parameters of The System 

 

Symbol Parameter Value Unit 

M Mass of the cart 0.5 kg 

m Mass of the pendulum 0.2 kg 

B Friction of the cart 0.1 N/m/s 

L Length of the pendulum 0.3 m 

I Inertia of the pendulum 0.006 Kgm2 

g Gravity 9.8 m/s2 

 

Figure. 2 shows the free body diagram of inverted pendulum system. From the free body diagram, the following 

dynamic equation of the system is determined:[3] 

 

1sincos)( 2  FmlmlxbxmM    

2cossin)( 2   xmlmglmlI   

 

Both the controllers can only work with linear functions so this set of equations should be linearized about Ɵ = π. After 

linearization, above two equations of motion reduce to the following, (where u represents the input): 
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The dynamic equations (3) and (4) can be represented in state space form as stated below: 
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Figure 2. Free body diagrams of the inverted pendulum.[3] 

 

IV. Design of Controllers 

 

In this section, an LQR and a pole placement controllers are presented to control the system under consideration. These 

controllers work on linearized model of the system. 

 

A. LQR Controller 

 

LQR is a control scheme that provides the best possible performance with respect to some given measure of 

performance. LQR is a method in modern control theory that uses state-space approach to analyze such a system. Using 

state-space methods it is relatively simple to work with a multi-output system [6]. Figure 3 shows the full state 

feedback representation of Inverted pendulum system. The LQR controller is designed using MATLAB. [1] 
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Figure 3. Full-state feedback controller with reference input for the inverted pendulum system. 

In this problem, R represents the commanded step input to the cart. The four states, (   ,,, xx  ) represent the 

position and velocity of the cart and the angle and angular velocity of the pendulum. The output y contains both the 

position of the cart and the angle of the pendulum.. A controller will be designed so that when a step input is given to 
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the system, the pendulum should be displaced, but eventually return to zero (i.e. the vertical) and the cart should move 

to its new commanded position. [6] 

The state and output matrix equations describing the inverted pendulum can be written as the following equation.[5] 

 

7)()()(

)()()(

tDutCxty

tButAxtx




 

 

And that all of the four states are available for the controller. The feedback gain is a matrix K of the optimal control 

vector 

)()(
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So as to minimize the performance index 

9)(
0

dtuRuxQxJ TT  


 

Where Q is state-cost matrix and R is performance index matrix..For designing LQR controller, the value of the 

feedback gain matrix, K, must be determined. Figure 4 shown how to determine the values of K.[5] 

 

               A 

 B                                                                                                                  K 

 C 

    D 

 R                                                                                                                   

 Q 

 

 

 
Figure 4. Determine the values of matrix K. 

B. Pole Placement Controller Design  
 

In pole placement we aim to place the poles of the closed loop transfer function in reasonable positions. A full state 

feedback controller based on the pole assignment method can improve the system characteristics such that the closed 

loop system performance will satisfy the requirement criteria.Figure.6shows the block diagram for the Pole-placement 

controller. [4] 

 

Algorithm  

 

For a given system: 

 

uBxAx  -----  (10) 

 

Where, 

 

xℜN 
is the state vector  

 

uℜP
 is the input vector  

 

AℜN*N
 is the basis matrix  

 

BℜN*P
 is the input matrix  

 

The control law for the Pole-placement controller is given as 

 

u(t) = -K x(t)                   -----  (11) 

 

where, K is the state feedback gain matrix. 

 

Then the closed loop state equation can be obtained as 

Modern control system 

Design Package MATLAB 

[k]=lqr(A,B,Q,R) 
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-----(12) 

This state equation describes the system formed by combining the plant and the controller. It is a homogeneous state 

equation, which has no input. The solution of this state is given by:  

 

)0()( )( xetx tKBA
-----  (13) 

 

The state feedback controller u(t)=-K x(t)   drives the state to zero for arbitrary initial conditions, provided that the 

closed loop poles ---the Eigen values )( BKA of --all have negative real parts. By setting pole locations, we can 

make the closed loop system not only stable but also satisfy a given set of transient specifications.  

 

A state feedback gain K that yields the closed loop poles {p1,p2,p3 -----pnx}is obtained by solving the equation 

det (sI-A+BK) = (s-p1) (s-p2)---------(s- pnx)   ----- (14) 

 

For designing pole placement controller, the value of the feedback gain matrix, K, must be determined. The following 

block is shown how to determine the values of K. 
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Figure 5. Determine the values of matrix K. 

 

The selection of closed loop system Eigenvalues needs an understanding of the system characteristics and the limitation 

of the actuator. Different pole locations determine different system performance. This is the critical part of the 

controller design. By comparing the system performance in simulation, we can select the suitable pole locations.[4] 
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Figure 6: Block diagram for Pole-placement controller. 

 

 

V. Simulation and Results 

 

The system under consideration and the proposed controllers are modeled and simulated in the MATLAB/Simulink 

environment. The step response performance of the two controllers is compared. Figure.7shows the Impulse response 

of the system under consideration in absence of a controller and is found to be unstable. The open loop poles is shown 

in Table 1.1 
 

Table 1.1 Open loop poles 

Open loop poles 0 -5.6041 -0.1428 5.5651 

xBKAx )( 

Modern control system 

Design Package MATLAB 
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Figure 7  Open loop response for pendulum angle and cart’s position using state-space 

 

Figure.8 shows the step response of pendulum angle and cart position by using LQR controller. 

 

 
 

Figure 8. Step response of pendulum angle and cart position with LQR controller. 
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The elements of gain matrix  K  obtained by LQR method  are. 

 

 

K = [-66.3325  -35.6882  100.4177   19.9371]     

 

The closed loop poles are. 
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Figure.9 shows the step response of pendulum angle and cart position by using pole placement controller. 

 

 
Figure 9. Step response of pendulum angle and cart position with pole placement controller. 

 

 

The elements of gain matrix  K  obtained by pole placement controller are. 

 

K=[-65.9860  -32.0726   93.6270   18.3022]     

 

The closed loop poles are [-5.53 +2i  -5.53–  2i -7+ 6i  -7- 6 i ] 

 

Figure.10.shows the step response of cart position using LQR and pole placement controllers 

 

 

 
Figure 10. Comparison of step responses for cart position 

 

Figure.11 shows the step response of pendulum angle using LQR and pole placement controllers 
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Figure 11. Comparison of step responses for pendulum angle 

 

The time response specifications for the system under consideration equipped with the proposed controllers are given in 

Tables 2 and 3. 

 
Table 2.  Summary Of The Performance Characteristics ForCart Position. 

 

  

 

 

 

 

 

 

 
Table 3.  Summary Of The Performance Characteristics For pendulum angle. 

 

  

 

 

 

 

 

 

The results show that both the controllers have been successfully designed but the pole placement controller exhibits 

better response and performance. 

. 

Conclusion 

 

In this paper, an LQR and a pole placement controllers are successfully designed for the inverted pendulum system. 

Based on the results, it is concluded that both the control methods are capable of controlling the inverted pendulum's 

angle and the cart's position of the linearized system. However, the simulation results show that pole placement 

controller has a better performance as compared to the LQR controller in controlling the inverted pendulum system. 
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LQR Pole placement 
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Steady state error  ess 0 0 

Time response 

 specifications 

LQR Pole placement 

Settling Time Ts 1.5 s 1.29 s 

Peak amplitude 0.012 0.043 

Steady state error  ess 0 0 
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