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ABSTRACT

Exact solutions are sought in this work for the flow variables involved in the flow through a porous medium with
variable permeability. It is assumed that the vorticity of the flow is proportional to the streamfunction. A
derivation is provided for the permeability distribution when the Darcy-Lapwood-Brinkman equation is
employed.
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1. INTRODUCTION

Variable permeability considerations in the study of flow through porous media offer a more realistic approach in the
flow through natural porous settings and in the simulation of flow through porous layers, [1-3]. In fact, considerations
of flow in the transition zone mandates taking a non-constant permeability in order to avoid permeability discontinuity
at the interface between layers, and to circumvent invalidity arguments of Brinkman’s equation, (cf. [4-8] and the
references therein). However, when the permeability is a variable function of position then an additional variable is
introduced into the governing equations. This results in an under-determined system of more unknowns than equations
unless, of course, a condition on the permeability is introduced or the permeability function is defined externally or
specified, [9].

When a fluid flow model such as the Darcy-Lapwood-Brinkman model is used, where its structure is similar to that of
the Navier-Stokes equations, one must deal with the inherent nonlinearity that arises due to the convective inertial
terms. Methods available for approximating the Navier-Stokes equations are also applicable to the Darcy-Lapwood-
Brinkman model. A number of methods have been available to linearize the Navier-Stokes equations, or to solve the
Navier-Stokes equations under simplifying assumptions or under the assumptions of special types of flow (cf. [10-24]
and the references therein). An approach that has received considerable attention is the assumption of vorticity being
proportional to the stream function of the two-dimensional flow, [18-20]. This approach and other methods have been
used successfully to study various fluid flows, [10-16]. We will employ the assumption of vorticity proportional to the
streamfunction in the current work. We thus consider the two-dimensional flow of an incompressible fluid through a
porous medium with variable permeability. We obtain an exact solution to the flow equations for a given vorticity
distribution. We will assume that the vorticity distribution is proportional to the stream function of the flow.

2. GOVERNING EQUATIONS

Equations governing the steady, two-dimensional flow of a viscous fluid through a porous medium with variable
permeability are given by the continuity equation and the Darcy-Laprood-Brinkman equation, given respectively by:

Continuity Equation:
Vev=0 (1)
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Momentum Equations:

(Vo V) = —Vp + 1"V — fv )

where V is the velocity vector, p is the fluid density, z is the base viscosity of the fluid, y* is the effective velocity
of the fluid in the porous medium, p is the pressure and K is the permeability. Without loss of generality of the

method of solution introduced in this work, we will take 22 = zz.

For the 2-dimensional flow at hand we take V = (u, V), and equations (1) and (2) can be written as:

u,+v, =0 ...3)
uux+vuy:—PX+ﬁV2u—iu (4
K
p p
M U
w, +w, =—P, + =V -y ..(5)
yo,
where P ZB .
P

Equations (3), (4) and (5) represent a system of three scalar equations in the unknowns U, V, P as functions of x and y.
The variable permeability, k, is also an unknown function of x and y. This results in a system of equations that is
underdetermined. We must therefore devise a method of solution where the permeability is determined by satisfaction
of a permeability condition. This condition is derived based on the integrability condition. However, we first introduce
the vorticity and streamfunction of the flow.

Continuity equation (3) implies the existence of the streamfunction i such that:

U=y, ...(6)
and
V=—yp, ..(7

and vorticity, @, is defined as:

w=VxU=V,-U,. ..(8)
Using (6) and (7) in (8), we obtain the streamfunction equation:

O=—Y,—y, =—Vy. ...(9)

Now, using (6) and (7), equations (4) and (5) take the following forms, respectively

H H
Potvwu vy, =—la+tvy)l--v,. -..(10)
yr yx v o w/ly pk y
Py~ W Wy + Wy == W 1) ]+, ..(11)
p K

Multiplying (9) by y, and subtracting from (10) and rearranging, we obtain:

Potw Wt Wy = —wxw+%[(wxx +ww)y]—ﬁwy : -.(12)

Multiplying (9) by ¥, and subtracting from (11) and rearranging, we obtain:
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Py+l//xl//xy+Wyl//yy z_l//ya)_%[(l//xx_f_l//yy)x]—'_ﬁ‘”x' -.-(13)

Now, defining the following generalized pressure function
1 2 2 1 2 2
L:P+E(u +v):P+§(1,yX +y,") ---(14)

and differentiating (14) once with respect to x and once with respect to y, we obtain
L =P, + (W +¥ W) ..(15)

L, =p, +(w vy +w, ) ...(16)

Equation (15) is the LHS of (12) and equation (16) is the LHS of (13). Equations (12) and (13) are thus written
respectively as

H H
L =-v,0o+=[(yu+v,),]-—Fv .(17)
P w/y ok y
H H
L, =y ,0-—[(yu+v,)]+-— v, -..(18)
y y P Y ok

The governing equations are thus (17) and (18), in the unknowns @ and y , with the vorticity defined by (9).
Continuity equation (3) is automatically satisfied by virtue of introducing the streamfunction in (6) and (7). Once @
and  are determined, velocity components can be calculated from (6) and (7). The pressure, P(X,Y), can then be

determined from (14) once the generalized pressure function, L(X, y), is determined from (17) and (18).

3. METHOD OF SOLUTION
3.1. Integrability Condition and Permeability Equation
In this work we assume that the voticity is proportional to the streamfunction of the flow. We thus assume that:
o=-ay ...(19)
where ¢ is a nonzero constant.

Using (19) in (9), (17) and (18), we obtain, respectively:

Vo tVW, =ay ...(20)
op M
L =y, o+[——-Fly, =-y,0+Ay -.(22)
P pk y y
H ol
L, =-y,o+[£ - FLly, =y ,0-Ay, .(22)
y y pk Yo, y
where
op M
A=[—-—]. ...(23)
ok

From (21) and (22) we obtain:
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L, =—v,0-v.o,+ Ay, +Ay,, ...(24)
L, =-v,o-v,o Ay, —Ay,. ...(25)
Setting L,, = L, yields the following integrability condition:

—yo,ty o +Ay, + Ay, +Aay =0. ...(26)

Integrability condition (26) must be met if (19) is to hold and (17) and (18) are satisfied.

Now, from (19) we get

o, =—aY, ...(27)
o, =-ay,. ...(28)
Upon using (27) and (28) in (26), we obtain

Ay, +Ay, +Aay =0. ...(29)

Equation (29) is to be solved for A (hence the permeability function) once the form of i is determined.

3.2. Determination of Streamfunction, Vorticity and Velocity Components

In order to determine i, we rely on equation (20), which is a Helmholtz equation that admits plane wave solution of
the form, [10-16]:

w (% Y)=p(&) ..(30)
where
E=Xxc0s9+ysing; —r<I9<r. ...(31)

From (31) we obtain the following derivatives:
&, =c0s8 ¢ =sing & =0,¢ =0. ...(32)

Using the chain rule, the following derivatives of y/ are established:

v, =¢'(£)cos g ...(33)
y, =¢'(&)sing ...(34)
v, =¢"(£)cos’ 9 ...(35)
Wy = @"(&)sin® 3 ...(36)

Using (30), (35) and (36) in (20), we obtain

P"(&)=ap($). .(37)
Equation (37) is a homogeneous, second order ordinary differential equation with auxiliary equation given by

2
r—a=0. ...(38)
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Solution to (38) gives rise to the following cases:

1) a=-n*n>0
2) a=m*m>0

Case 1: When @ =—n?:n>0

Solution to (37) takes the form

@(&)=C,(Hcos(né +C,(9) ...(39)
where C, (9) and C, () are real constants that depend on ¢ €[, 7).

Using (30), (331) and (39), we obtain

w(X,y)=C,(9)cos(n(xcos 3+ ysinI) +C,(H)). ...(40)
Velocity components are then obtained from (6), (7) and (40), respectively as

u(x, y) =y, (% y) =-C,(f)nsin gsin(n(xcos 3+ ysin 3) + C, (9)) ...(41)

V(X,y) =, =C,(F)ncos Jsin(n(xcos I+ ysinJ) +C,(H)) ...(42)
and the vorticity is obtained using (19) and (40) as

o =—-0aC,(9) cos(n(xcos 3+ ysin %) +C,(H)) . ...(43)
Case 2: When o =m*;m>0

Solution to (37) takes the form

9(&) = B,(H exp[mZ] + B, () exp[-mc] ..(44)

where B, (%) and B, (:9) are real constants that depend on $ €[—7, 7).
Using (30), (31) and (44), we obtain

w(X,y) =B, ($exp[m(xcos J+ ysin )]+ B, (F) exp[-m(xcos F+ ysin J)]. ...(45)
Velocity components are then obtained from (6), (7) and (45), respectively as

u(x, y) =mB, (9)sin $exp[m(xcos g+ ysin $)]—mB, (F)sin Jexp[-m(xcos $+ ysin 9)] ...(46)
V(X, y) =—mB, (9) cos Fexp[m(xcos 3+ ysin J)]+ mB, (F) cos Fexp[-m(xcos $+ ysinF)]  ...47)
and the vorticity is obtained using (19) and (45) as

o =—a[B, () exp[m(xcos 3+ ysin $]+ B, (F) exp[-m(xcos $+ ysin F]]. ...(48)
3.3. Determination of the Permeability Function

Equation (29) must be satisfied by the streamfunction and the permeability function. With the knowledge of the
streamfunction, for the two cases discussed above and given by equations (40) and (45), we substitute the
streamfunction expressions in equation (29) and determine the permeability function.
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Using (33) and (34), equation (29) takes the form
A @' (&)sin 91+ A ¢ () cos I]+ Aap(£)] = 0. ...(49)
Case 1:

Using (31) and (39), we write (54) as

A [-nC, () sin(né + C, (F)sin ]+ A [-nC,(F)sin(n& +C, (9)) cos 9]

...(50)
+ Aa[C, (%) cos(né +C,(9)]=0
Dividing (50) by C,($)sin(n& +C, (9)), we obtain
A [-nsin 8]+ A [-ncos 9]+ Aafcot(né +C,(H))] =0. ...(51)
Now, using the chain rule, we obtain
A :Ag cos 9 ...(52)
A =Asing. .(53)
Using (52) and (53) in (51), and simplifying, we obtain
A - A%[cot(ncf +C,(9)]=0. ...(54)
Using separation of variables, we write (54) as
9A _ @ reot(né + C, (9)]dE. ...(55)

A n

Solution to (55) is given by
In A= % In[sin(n& +C,,(9))] + In C,(9) ...(56)
which we write as
A=C,(P[sin(NE +C,(N)]" =C,(H[sin(n((xcos I+ ysin 9)) + C, ()™ ..(57)
where C,(:9) is an arbitrary function of $ €[—-x, 7).
Using (23) and (57), we obtain the permeability function as:
k(x,y) = —* i . ...(58)

" e slesnmtsons o |
o — piCy(R[sin(n((xcos 3 + ysinP)) + C,(H)]"

Case 2:

Using (31) and (44), we write (49) as
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A, sin JmB, () exp(m¢) — mB, () exp (-m&)] + A, cos J[mB, (9) exp(m<) |

...(59)
—mB, (J)exp(-m&)]+ Aa[B, (F) exp(m&) + B, (F) exp(-m&)] = 0
Using (52) and (53), we write (59) as:
MA.[B, (&) exp(m&) — B, (9) exp(—m&)]+ Aa[B, () exp(mS) + B, (F exp(—-m&)] =0 ...(60)
Equation (60) is variable separable and can be written as
dA__a[B@)epms)+B,)en(me) ;. 6D
A m[B (S exp(ms) - B, () exp(-ms)]
whose solution is given by
InA= —% In[B,(F) exp(Mmé&) — B, (F) exp(—m&)] + In B, (9) ...(62)
or
A=B,(H[B,($exp(M&) - B,(Hexp(m&)] ™. .-(63)
Permeability function is then obtained by substituting (63) in (23) to obtain
K(X, V) = H

(X, y) i A
= H : ...(64)
o — p{B3 (DB, (F)exp(m(xcos J+ ysinF))— B, (S exp(m(xcosI+ ysin 9))]_”“2}

3.4. Determination of Pressure
Equations (21) and (22) take the following forms in terms of the variable & :
L, cos 3 = & cos H¢'(H)][@(S)]+ Al (&) sin I ...(65)
L. sin3=asin H¢'($)][p(5)]- Alg'(£) cos I]. ...(66)
Multiply (65) by 0S¢ and (66) by Sin.$, wand adding, e get
L. = al@'(E)]lp()]. ..(67)
Integrating (73) we get
L&) =T [p(F +C.(9) (68)
where C, () is an arbitrary function of 9 €[—-x, 7).
The pressure is then determined from equation (14) as
P:L—%(u2+v2) .(69)

where L is given in (68) and U and V are given in terms of & as:
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v=—¢'(&)cos 9 ...(70)

u=¢'(&)sing. ..(71)

Using (68), (70) and (71) in (69), we obtain the following expression for pressure:
o 1.,
P= E[co(é)]2 —5le I +Cy(9. (72)

Corresponding to solutions (39) and (44), the pressure function takes the following forms. In case 1, using (39) in (72)
gives:

P(5) = %[01(9) cos(ng +C, (9)))° —n—;[Cl(S)Sin(né +C, (DI +C, (I ..(73)
and, upon using (31), we obtain

P(X,y) = %[01(9) cos(n(xcos 9+ ysin &) +C, ()]

. ..(74)

- ?[CI(S) sin(n(xcos 9+ ysin §) +C,(9)]) +C, () |

In Case 2, using (44) in (72) gives:

P(S) = %[51(19) exp(m&) + B, (J) exp (-m&)I’ —%[31(19) exp(m&) - B,(9)e(-m&)I* +C, () ...(75)

and, upon using (31), we obtain

P(x,y) = %[51(9) exp[m(xcos &+ ysin $)J + B, (%) exp[m(x cos 9+ ysin 9)]]
2 . ...(76)
- m7{81(19) exp[m(xcos ¢+ ysin $)]- B, () exp[-m(xcos 9 + ysin F)]} + C,(I)

3.5. Summary of Solutions

Flow variables based on the two cases of solution are summarized as follows, where we keep their equation numbers as
they appeared in the text.

Case 1:

w(X,y)=C,(9)cos(n(xcos 3+ ysing) +C, (). ...(40)
u(x, y) =y, (% y) =-C,(f)nsin gsin(n(xcos 3+ ysin 3) + C, (9)) ...(41)
V(X,y) =, =C,(F)ncos Jsin(n(xcos I+ ysinJ) +C,(H)) ...(42)
@ =—aC,(9) cos(n(xcos 3+ ysin 9) +C,(:9)) . ...(43)
k(x,y)=—2* = i . .(58)

au— pA { . . OZ}
o — piCy(R[sin(n((xcos 3 + ysinP)) + C,(H)]"

P(X,y) = %[01(9) cos(n(xcos 9+ ysin &) +C, ()]
, . ...(74)
—%[Cl(s)sin(n(x cos 9+ ysin ) +C,(9)) +C, ()
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Case 2:
w(X,Y) =B, ($exp[m(xcos I+ ysin )]+ B, () exp[-m(xcos + ysinJ)]. ...(45)
u(x, y) =mB,(9)sin Fexp[m(xcos 3+ ysin $)]—mB, () sin Fexp[—m(x cos 3+ ysin F)] ...(46)

V(X, y) =—mB, () cos exp[m(xcos 3+ ysin F)]+ mB, () cos Fexp[-m(xcos 3+ ysinF)]  ...(47)

o =—a[B, () exp[m(xcos 3+ ysin $]+ B, (F) exp[-m(xcos $+ ysin F]. ...(48)

k X, :L
(X, y) Y

7 . ..(64)

oL — p{B3(8)[Bl(9) exp(m(xcos g+ ysin g)) — B, () exp(m(xcos g+ ysin 9))]':2}

P(x,y) = %[Bl(g) exp[m(xcos &+ ysin O)J + B, (%) exp[m(x cos 9+ ysin 9)]]
...(76)

- m72{81(19) exp[m(xcos ¢+ ysin $)]- B, () exp[-m(xcos 9 + ysin F)]}* + C,(I) |

The above solutions do not involve the permeability functions explicitly. This is due to the fact that the permeability
function was derived based on an ingerability condition that in terms of a pre-determined streamfunction that was
determined independent of the permeability. The above solutions for the streamfunction, vorticity, velocity and
pressure are valid for both cases of constant permeability and variable permeability. In fact, they are valid for all
permeability range (in particular, as permeability approached infinity and the flow reduces to the Navier-Stokes flow).
In other words, these are the same solutions to the Navier-Stokes flow when vorticity is proportional to the
streamfunction. We therefore interpret the permeability functions as the needed permeability distributions to generate
the flow variables given in the above equations.

Typical three-dimensional plots for the above solutions are given below to illustrate the effects of the parameters
appearing in Case 1 and Case 2. Figures 1.1-1.8 are for the Case 1 results and Figures 2.1-2.8 are for Case 2.

Fig. 1.1. Case 1 Permeability Distribution
a=1, D9 =-7,n=1 9=-x/3, C,(9)=-1
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Fig. 1.2. Case 1 Permeability Distribution
a=1,D(9)=-3,n=1, 9=-x/6, C,(9)=-1

Fig. 1.3. Case 1 Permeability Distribution
a=1D,(H=-4,n=05, 9=x/6, C,(F=-1

Fig. 1.4. Case 1 Permeability Distribution
a=10, D,($ =1, n=1, 3=rx/4,C,(FH=-1
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Fig. 1.5... Case 1 I;ressure
a=2,C(9)=-7,n=1 9=-7/3,C,(H=-1, C,($) =2

Fig. 1.6. Case 1 Pressure
a=4,C(9=-3,n=1 9=-7/6, Cy,(9)=-1,C,(9) =2

Fig. 1.7. Case 1 Streamsurface
a=1, D9 =-7,n=1 9=-x/3, C,(9)=-1
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Fig. 1.8. Case 1 Vorticity Distribution
a=1,C/(H=-7,n=1 9=-x/3,C,(9)=-1

Fig. 2.1. Case 2 PAermeat‘)’iIity Distribution
=05, B,(9) =05, B,($=-05 m=1,9=-/3,D,(9) =-1

>
Fig. 2.2. Case 2 Permeability Distribution
a=1 B/(9) =05, B,($=-05 m=06,9=-x/4, D,(9)=-1
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4. CONCLUSION

The main theme of this work has been the devising of a method to obtain the permeability distribution in a variable
permeability porous medium. To accomplish this, exact solutions were obtained under the assumption of vorticity
being a function of the streamfunction of the flow. Expressions for the permeability, pressure, velocity components,
streamfunction and vorticity were successfully obtained. Three-dimensional figures are provided to illustrate the
distributions obtained.
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